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Abstract

We investigate polluter lobbying against near-zero emission targets in monopoly
markets. We compare three typical environmental policies, an emission cap regulation
that restricts total emissions, an emission intensity regulation that restricts emissions
per unit of output, and an emission tax. We presume that a policy is most robust to
lobbying when a lesser strict emission target (an increase of the targeted emission level)
the government imposes to the industry increases the firm’s profit least significantly
under the policy among the three policies. We find that the emission tax is the most
robust among the three policies in the presence of lobbying if the government aims for

a net-zero emission society.
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1 Introduction

Global warming is one of the most serious risks that society faces. Recently, many coun-
tries have voluntarily committed to reducing CO2 emissions under the Paris Agreement
on climate change. Moreover, several European countries have declared that they aim to
achieve net-zero emission societies, and China and Japan have followed suit.! To achieve
this goal, several industries that emit huge amounts of CO2, such as electric power, steel,
and transportation, may face near-zero emission constraints imposed by authorities. For
example, the US president Joe Biden signed a new executive order with a commitment to
build a carbon pollution-free electricity sector by 2035, and reach net zero emissions by 2050
in whole sectors.? However, such strict policies substantially reduce the profit of firms, and
thus, firms may have strong incentives to lobby against restrictions and in favor of weaker
regulation that increases the upper limit of the industry’s emissions. Environmental policies
affect an industry’s profits, and firms often try to influence policymakers’ behavior (Lowry,
1992; Engel, 1997), and ambitious environmental policy may not be implementable.

In this study, we presume that firms have stronger incentives of lobbying to manipulate
emission targets when a lesser strict emission policy (an increase of the upper limit of
emission) increases the firms’ profit more significantly, and investigate under which policy
among typical environmental policies the firms’ lobbying incentives are weakest (and thus
the policy is the most robust to the polluter lobbying). For this purpose, we consider a
monopoly industry and investigate the relationship between targeted emission level and the
monopoly profit.> We compare three environmental policies that are intensively discussed

in the literature: emission cap regulation, emission intensity regulation, and emission tax.

1Reuters, https://jp.reuters.com/article/japan-politics-suga/japan-aims-for-zero-emissions-carbon-
neutral-society-by-2050-pm-idUSKBN27B0FB

2Energy live news, https://www.energylivenews.com/2021/01/28/biden-wants-carbon-free-electricity-
by-2035/

3We can derive similar policy implications in symmetric Cournot oligopolies, and in a symmetric Bertrand
oligopoly in a differentiated product market, under the standard assumptions in this field.



We find that when the targeted emission level is close to zero, an increase in the targeted
emission level most (least) significantly raises the monopoly profit under the emission cap
(emission tax) regulation. Then, in cases of near-zero emission target, the emission tax is
the most robust to the polluter lobbying because the firm has the weakest incentive for
manipulating targets. By contrast, when the targeted emission level is very far from zero-
emission, the emission tax policy is the most vulnerable policy to the polluter lobbying.

Our result is consistent with the environmental policies adopted in Japan. Until re-
cently, the emission target was much less strict in Japan than in European countries. The
Japanese government have mainly used emission cap and emission intensity regulations as
environmental policy tools and did not introduce the effective emission tax in the presence
of aggressive lobbying by major industry groups. Recently, the new Japanese Cabinet, the
Suga Cabinet, declared a net-zero emissions goal by 2050 for Japan, and at the same time
has initiated intensive discussion about the introduction of carbon pricing.* These policy
choices are supported by our result in terms of robustness to industry lobbying.

The three environmental policies investigated in this paper are intensively discussed in
the literature (Amir et al.,2018; Alesina and Passarelli, 2014; Barnett, 1980; Baumol and
Oates, 1988; Besanko, 1987; Helfand,1991; Holland, 2012; Katsoulacos and Xepapadeas,
1996; Lahiri and Ono, 2007; Lee, 1999). Several studies have discussed welfare ranking
among these environmental policy measures. In perfectly competitive markets, Pigovian
taxes yield the first best (Pigou, 1932), while emission intensity regulations do not (Holland,
2012; Holland et al., 2009). This implies that emission taxes are the best for welfare.
However, in imperfectly competitive markets, the first best is not implementable by emission
taxes owing to underproduction (Buchanan, 1969; Katsoulacos and Xepapadeas, 1996) and

emission regulations may be better for welfare than an emission tax (Amir et al., 2018;

4Reuters, https://www.reuters.com/article/japan-economy-climate-change /japan-advisers-urge-quick-
adoption-of-carbon-pricing-to-hit-emissions-goal-idINL4AN2KU3H6
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Helfand, 1991; Holland, 2009; Kiyono and Ishikawa, 2013; Li and Shi 2015; Montero, 2002).
Lahiri and Ono (2007) consider the case in which emission targets are close to business-as-
usual levels and show that an emission intensity regulation may be better than an emission
tax. Hirose and Matsumura (2020) show that when emission targets are close to zero, the
emission intensity regulation dominates the emission cap regulation and the emission tax,
whereas the inverse may hold when emission targets are moderate. However, no study
investigates the threat of polluter lobbying.

Aidt (1998, 2010) and Cai and Li (2020) adopt the approach of Grossman and Help-
man (1994) to investigate polluters’ lobbying activity in imperfectly competitive markets.
They show the relationship between lobbying intensity and firms’ characteristics. However,
they do not compare lobbying activities under the typical environmental policy measures
discussed in this study. Moreover, to the best of our knowledge, no work has presented a
clear policy ranking against polluter lobbying when a government aims to achieve near-zero

emissions.

2 The Model

We consider an industry with a polluting monopolist. The firm produces a single commodity
for which the inverse demand function is given by P : R, ~— R,. Let ¢(¢,z) : R% — R2 be
the cost function, where ¢ is the output and z is the abatement level. Let e(g,z) : R%
R? be the pollution emission level. We assume that P, ¢, and e are twice continuously
differentiable and satisfy P’ < 0 as long as P > 0, P’ + P"q < 0, ¢, > 0, ¢; > 0, ¢4q > 0,
Cox > 0,e0 >0, e, <0, 649 >0, and ey, > 0 for ¢,z > 0, where subscripts denote derivatives
(e.g., ¢g = Oc/Oq and ¢,y = 0%c/0q?). We also assume that P(0) — ¢,(0,z) is sufficiently
large, c,(q,0) is sufficiently small, and |c,,| and |e,| are sufficiently small relative to ¢,

Caz, €qqs O €4, Which ensure that the solution characterized below is interior and satisfies



the second-order conditions. These are standard assumptions in the literature (Carraro et
al., 1996).

We consider three environmental policies that aim to restrict the total emission not
greater than the emission target E. The first is an emission cap regulation in which the
monopolist chooses ¢ and x under the constraint e < E. The second policy is an emission
intensity regulation in which the monopolist chooses ¢ and = under the constraint e/q < «
and the government chooses a such that the equilibrium emission is equal to E. The last
policy is an emission tax in which the government chooses the emission tax rate ¢ such
that the equilibrium emission is equal to E. The firm’s profit is P(q)q — ¢(q, z) when the
emission cap or emission intensity regulation is imposed, and it is P(q)q — c(q, x) — te when
the emission tax is adopted.

Let 79(E), 7/(E), and 77 (E) be the firm’s optimal profit when the emission target is £
under the emission cap regulation, the emission intensity regulation, and the emission tax,
respectively. If the emission target is initially £ = E° and is relaxed to E"(> E°), then
under policy i(= C, I, T), the firm increases the profit by 7*( E") —7*(E°). This implies that
if the firm can manipulate the emission target from E° to E" through lobbying, then the
firm is willing to pay 7*(E") — 7*(E°) for the lobbying.® Hence, we presume the incremental
profit to be the firm’s lobbying incentive and say that the policy is more robust to lobbying
as the incremental profit is smaller.

Let EB be the emission when the firm maximizes its profit without either type of emission
regulation or the emission tax (the superscript B denotes business as usual). If E > EP, the

constraint is not effective (non-binding). Throughout the analysis, we assume E € [0, E5).

°In lobbying models such as Grossman and Helpman (1994), to pay the incremental increase in the payoff
is demonstrated as an equilibrium behavior.



3 Analysis of Three Environmental Policies
3.1 Emission cap regulation

First, we consider the emission cap regulation. The government imposes the upper bound
of the total emission, F € [0, E®). The firm chooses ¢ and z to maximize its profit under

the constraint e(q, z) < E. The firm’s optimization problem is

max P(q)q — (g, 7)
)
s.t. e(q,z) < E.

Because we assume F < EB the constraint must be binding (i.e., e(¢,z) = E in equi-
librium). Then, once the firm chooses ¢, = is automatically determined by the constraint
e(q,x) = E. Let (q, E) be the value that satisfies e(q, (¢, E)) = E. As the firm me-
chanically chooses = = #(q, E') given ¢, substituting this constraint into the profit function
yields

P(q)g — (g, 2(q, E)). (2)
Note that 02/0q = —e /e, due to the implicit function theorem. Then, the optimal choice,
denoted by (¢“, z%), is characterized by the following first-order condition

P—l—P’q—cq—i—cx:—q:O (3)

T
and e(¢”,2%) = E. In the first-order condition, the marginal production cost is ¢, +
cz(—eq/es). A marginal increase in ¢ increases e by e,. To cancel this increase in emissions,

the firm must increase x by (—e,/e;), which increases the cost by c¢,(—e,/e.).

3.2 Emission intensity regulation

Next, we consider the emission intensity regulation. The government imposes the upper

bound of emission per unit of output, a. The firm chooses ¢ and z to maximize its profit



under the constraint e(q, x) < ag. The firm’s optimization problem is

max P(q)q — c(q, )
(4)
s.t. e(q,r) < agq.
When the constraint is binding, similar to the emission cap regulation, the abatement
level is determined as x* = %(q,aq) given « and ¢. Substituting this constraint into the

profit function yields p(q)q — ¢(q, #(q, aq)). By taking the derivative with respect to ¢, the

firm’s optimal choice, denoted by (¢!, 2) satisfies the following single first-order condition

o — €4

P'q+P—c,—c, =0 (5)

Cx
and the constraint e(q’,2') = ag’. In addition, if the government chooses a to induce the
total emission to be E € (0, EP), the intensity, denoted by of, satisfies e(¢’, 27) = al¢! = F
as well.

The difference from the emission cap regulation is characterized as follows.
Lemma 1. (i) of =0 and (¢°,2°) = (¢!, 27) for E=0. (ii) o < E/q¢ for E € (0, E?).
Proof. See Appendix. n

When E = 0, the per-output emission level is of = 0 under the emission intensity
regulation. Then, the total emission level becomes a’q = 0, which is independent of the
output and the same as the emission cap regulation. Therefore, the firm faces the same
constraint under the emission cap regulation and the emission intensity regulation given
E=0.

However, as long as £ > 0, under the emission intensity regulation, o/ > 0 and firm
chooses ¢ and z given a, not e. The total emission aq is increasing in ¢, in contrast to
the case of emission cap regulation. Thus, the firm has a stronger incentive to increase ¢
under the emission intensity regulation than under the emission cap regulation (Holland

et al., 2009; Ino and Matsumura, 2019). Therefore, if the government sets a = E/q°,
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the resulting emission exceeds E. Given the firm’s choice being expected, the government
chooses a lower emission intensity (i.e., o < E/q) to realize emission E (Hirose and

Matsumura, 2020).

3.3 Emission tax

Finally, we consider the emission tax. Given that the government imposes emission tax t,
the firm chooses ¢ and x to maximize its after-tax profit. The firm’s optimization problem

is

max P(Q)q — c(q, x) — te(q, z). (6)

q?w

The firm’s optimal choice, denoted by (¢*, 27, satisfies the following first-order conditions:

)
8—7; = Plg+P—c,—te, =0, (7)
)
8—7; = _CZ‘ — tex — 0 (8)

In addition, if the government attempts to induce the total emission equal to E, then the
emission tax ¢ is determined to satisfy e(¢”, z7) = E. Substituting (8) (¢t = —c,/e,) into (8),
we find that (7) is expressed as (3). This implies that the firm chooses the same output and
abatement levels as those under the emission cap regulation. This result is a straightforward

application of the well-known tariff-quota equivalence.

Lemma 2. ¢© = ¢ and 27 = 2© for all E.

3.4 Results

We now investigate the firm’s lobbying incentive when the government aims E = 0 to
realize a zero-emission society. Under policy i(= C,I,T), if the firm lobbies to manipulate
the target to E", then the firm can increase the profit by 7¢(E") — 7*(0), which is the firm’s

lobbying incentive. The lobbying incentives can be ranked by the following proposition.
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Proposition 1. (i) 7¢(0) = 7%(0) = 77(0), (i) 7°(E) > 7'(E) and 7n°(E) > nT(E) for
E € (0,EB). (iii) There exists Ey > 0 such that 7' (E) > n7(E) for all E € (0, Ey).

Proof. See Appendix. O

Proposition 1(i,ii) states that an increase in F from E = 0 mostly increases the firm’s
profit under the emission cap regulation.

The comparison between 7¢(E) and 7/ (E) is implied by Lemma 1. When E = 0,both
regulations yield the same outcome. When F > 0, under the emission intensity regulation,
the firm has a stronger incentive to expand its output, and expecting this ex post aggressive
behavior of the firm, the government sets a stricter regulation (i.e., o < E/q%), which leads
to n°(E) > 7!(E) for E € (0, EP).

Recall from Lemma 2 that the emission cap regulation and the emission tax yield the
same outcomes. Thus, the difference in profit between the two policies is te’, which is
zero when F = 0 and positive when £ = eI > 0. These lead to 7¢(0) = 77(0) and
79(E) > nT(E) for E € (0, EB).

To understand Proposition 1(iii), we can use the property on the derivative dr’/dE. The

lobbying incentive can be expressed as 7'(E") — 7'(E°) = | 5)T(d7ri /dE)dE. By the envelope

theorem,
dﬂ'c _ Cm<qc,£(qC,E))
dE — e,(q, #(q%, E))’
N R ) ()
dE — e(q",2(¢",alqh))’

dn’ dt

— —¢ T T)
dFE

Under the emission cap regulation and the emission intensity regulation, a marginal increase

in F/ improves the profit through a marginal reduction in the abatement level. When E = 0,

as the abatement level is positive, the marginal cost of abatement is also positive, which

implies that a marginal increase of the profit is positive at £ = 0. By contrast, under the

9



emission tax, a marginal increase in E improves the profit through a marginal reduction in
the tax rate. Nevertheless, when F = 0, since the firm implements zero emission (and thus
the tax payment is zero), a marginal increase of the profit becomes zero. Accordingly, we
obtain the following supplementary result that directly leads to Proposition 1(iii).
Lemma 3.

dr® B dr’ - drT _0
dE le=0  dE |lg=0~ dE lg=0

Proof. See Appendix. n

Henceforth, we discuss the difference in profit when E is zero and when E is (small)
positive. However, a marginal increase of the profits (dw/dFE) itself may be important for
discussing lobbying incentives when the firm can choose lobbying level (and the emission
target level) continuously. Suppose that the government initially wants to implement emis-
sion target £°, the realized emission target after lobbying is £”, and lobbying cost is L(AFE)
(AE = E" — E°). Suppose that L' > 0 and L” is sufficiently large that the second-order
condition is satisfied. Then, the realized E" is determined by drn'/dE = L'(AFE), E = E"
and AE = E"—E° fori = C, I, T. If other conditions are equal, the larger dr/dFE, the larger
E". Therefore, if we know the properties of drw/dFE, we can discuss the lobbying incentive
in more detail. We show a ranking of dn/dE at E = 0 in Lemma 3, but deriving that for
E € (0, EP) is quite difficult.

From, the first and second equations in (9), we naturally conjecture that dn®/dE and
dr! /dE may be decreasing in E because we assume e,, < 0 and ¢,, < 0 and 2 is naturally
decreasing in E. From the third equation in (9), we naturally conjecture that dr’ /dE may
be increasing in E because dn’ /dE is proportional to E given (—dt/dE). Therefore, we
naturally conjecture that dr’ is smaller (larger) than dn®/dE and dn!/dE when E" is small

(large). In such natural situations, we can derive richer implications.
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If the initial emission target is small and marginal lobbying cost is high (i.e., the govern-
ment is tough and thus the lobbying is costly), E” must be small. In this case, this property
suggests that AFE is the smallest under emission tax policy because dr/dFE is smallest under
emission tax policy. By contrast, if the initial emission target is large or lobbying cost is
small (i.e., the government is easily manipulated by the lobbying), E” must be large. In this
case, the emission tax policy yields the largest AFE because dn/dFE is largest under emission
tax policy. Therefore, if the government has a strong will to implement net-zero emission
society, emission tax is desirable, whereas the emission regulations are more reasonable if
the government lacks it. Moreover, because dn’ /dE is naturally increasing in E, the payoff
of the firm can be convex with respect to F when L” is small. This fact suggests that if the
government is fragile to the lobbying and easily manipulated by it (i.e., L' and L” is small),
the corner solution in which E” = E® may appear under emission tax policy.

We can show that dn®/dFE is decreasing in F as long as e, and ¢, is sufficiently small.
However, we fail to derive plausible sufficient conditions under which dr!/dFE is decreasing

in F because z!

can be increasing in F (Hirose and Matsumura, 2020), which makes the
general analysis difficult. Moreover, (—dt/dFE) depends on the third-order derivatives of
cost and emission cost functions, and thus, we fail to derive plausible sufficient conditions
under which dr’ /dE is increasing in E.

Although the general analysis of lobbying incentives for E € (0, E®) is intractable for

the reason mentioned above, parametric analysis in the next section provides the insights

on lobbying incentives mentioned above.

4 Parametric Analysis

In what follows, suppose that P = a — bQ, ¢ = Bq + v2%/2, and e = kq — x, where a is

sufficiently large to ensure the interior solution (i.e., ¢ > 0 in equilibrium). In this parametric

11



example, the profit under the emission intensity regulation is greater than that under the

emission tax for all £ € (0, EP)
Proposition 2. 7%(E) > 7/ (E) > nT(E) for all E € (0, EP).
Proof. See Appendix. H

Figure 1 describes Proposition 2 graphically by a numerical example. Because 7¢(E?) =
7l (EP) = 7T(EP) for E = EB, Proposition 2 implies that 7¢(E?) — n%(E) < n!(EP) —
m(E) < 7T (EP) — 7T (E). Therefore, in contrast to the lobbying incentive in case of zero-
emission target, if the initial emission target is loose (i.e., close to the business-as-usual
level EB), an increase from this initial emission target most significantly increases the firm’s
profit under the emission tax policy, and thus, the emission tax policy is most vulnerable

to lobbying.

— Cap

Intensity

e
.
.
.
-
-
-
-
e
-
.-

‘ ‘ ‘ | 5 E
1 2 3 4 E®

Figure 1: 7(F) (a =5,b =1, =2,y = l,and k = 3)

We now discuss the ranking among dr’/dE for i = C,I,T.
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Proposition 3. There exists Fy € (0, EP) such that dn€/dE = dr'/dE = dr" /dE when
E = E,. dn°/dE > dn' /dE > dz" /dE for E € (0, E,) and dv€/dE < dn'/dE < dx” /dE
for E € (Ey, EP).

Proof. See Appendix. n

Figure 2 describes Proposition 3 graphically by a numerical example and highlights
the regulation robust to lobbying. If the initial emission target E° is small and marginal
lobbying cost L’ is high (i.e., the government is tough and thus the lobbying is costly), the
realized emission target E” must be small.® In this case, Proposition 3 suggests that AE is
the smallest under emission tax policy because dr/dE is smallest under emission tax policy.
Thus, the tax policy is the most robust to polluter lobbying.

By contrast, if the initial emission target is large or lobbying cost is small (i.e., the gov-
ernment is easily manipulated by the lobbying), E” must be large. In this case, Proposition
3 suggests that the emission tax policy yields the largest AFE, thus the ta policy is the most

vulnerable to polluter lobbying.

drt/dE

Figure 2: dr/dE (a=5,b=1,=2,7=1, and kK = 3)

SFor the definitions of E°, E”, AE, and L, see the third to the last paragraph in Section 3.
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We now specify the lobbying cost function and discuss the realized emission target E”
by using numerical examples. Suppose that L = h(A)?/2 where h is positive constant.
Figures 3 and 4 show that when h large (small) (i.e., the government is tough (weak)
against manipulation by the lobbying and thus lobbying cost is high (low)), the smallest
(largest) emission is realized under emission tax policy. Figure 5 shows that when E° large
(small) (i.e., the government is ambitious (adjective) for realizing zero-emission society), the

smallest (largest) emission is realized under emission tax policy.

EB| gmmmmmmas

— Cap
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Figure 3: " (a=5,b=1,=2,v=1, k=3, and E° = 1)
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Figure 5: E" (a=5,b=1,=2,v=1,k=3,and h = 1)

5 Conclusion and Policy Implications

In this study, we compare three environmental policies: an emission cap regulation, an
emission intensity regulation, and an emission tax. We investigate how the emission target
in an industry affects the monopoly firm’s profits. We find that when the emission target
is close to zero (large), a marginal increase in the emission target yields the least (largest)
increase in industry profits under the emission tax. This result implies that among the
three policies, the emission tax gives industry leaders the weakest (strongest) incentive to
manipulate the emission target when the initial target level is close to zero (large). Therefore,
we conclude that the emission tax is a reasonable policy tool when the aim is to achieve

a near-zero emission society in the presence of polluter lobbying. We also show that if the

16



government lacks the strong will to implement a near-zero emission society and emission
targets can be quite loose, emission regulations can be reasonable policies.

In this study, we mostly focus on the cases in which the emission target is close to zero
or close to the business-as-usual level. In both cases, the revenue from the emission tax is
small. When the emission target is intermediate, the emission tax revenue could be huge,
and firms may lobby to obtain tax refunds rather than to lower the tax rate. Then, the
effect on the emission target manipulation reduces, and the government may be able to keep
its desirable emissions target even in the presence of polluter lobbying. Incorporating this
effect into our analysis remains for future research.

In this study, we consider three environmental policies. Although these policies are
popular forms of environmental policies, many other policies, such as energy conservation
regulations and green portfolio standards, exist (Holland et al., 2009; Ino and Matsumura,
2021a; Matsumura and Yamagishi, 2017). Moreover, it may be reasonable to combine two
or more policies (Cohen and Keiser, 2017; Ino and Matsumura, 2021b). Expanding the

range of policy measures is a natural extension of our research.
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Appendix
Proof of Lemma 1

(i) Suppose that E = 0. Since af¢! = E =0 and ¢ > 0, af = 0 must hold. Hence, the
constraint in Problem (4) is transformed to e(q, x) < 0, which is equivalent to the constraint

in Problem (1). As (4) is identical to (1), (¢%,z!) = (¢“, z%).

(ii) ¢’ is derived from (5). Substituting ¢ = ¢’ into the left-hand side of equation (5), we
have P+ P'q—c,+c,(eq/€s) = —cya < 0. Because the second-order conditions are satisfied,

we have ¢! > ¢©. Because a’q! = F and ¢/ > ¢%, we have of < E/q°.

Proof of Lemma 3

We prove Lemma 3 before Proposition 1.

Suppose E = 0. Lemma 1 implies that of = 0 and (¢/, 2!) = (¢¢, 2%). Then, (9) implies
dr®/dE = dr'/dE. Since both c,(¢%, %) and e,(¢*, ') are positive for ¢* > 0, dn®/dE =
dr!/dE > 0. Under the emission tax, since e(¢’,z7) = 0, (9) implies dr’ /dE = 0.

Proof of Proposition 1

(i) From Lemma 2, we have 7¢ = p(q®)q¢% —c(¢, 2¢) and 77 = p(¢©)q” —c(q®, 29) —tTeT.
Because e’ = 0 when F = 0, we have 7¢ = 77 when F = 0. When E = 0, the maximization
problems under the emission cap regulation and emission intensity regulation are exactly
the same. Therefore, ¢ = ¢’ and ¢ = 2! when E = 0, which implies that 7¢ = 7!/ when

E=0.

(ii) From Lemma 2, we have 7¢° = p(¢“)¢” —c(q“, %) and 7T = p(q“)q" —c(q®, ) —tTe.

Because ¢ = E and t > 0, we have 7¢ > 77 when F > 0.
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We then show 7¢ > 7/ when E > 0. From Lemma 1, we find that the firm can choose
(¢,2) = (¢%, ) under the emission cap constraint. This implies 7¢ > 7!, and the equality
holds only when (¢%,2%) = (¢, 21).

As shown in the proof of Lemma 1, ¢’ # ¢“ when a > 0.

(iii) From Lemma 3, Proposition 1(i), and the continuity of 7/ and n7 with respect to E,

we have 7/ > 77 when E is sufficiently close to 0.

Proofs of Propositions 2 and 3

Under the parametric assumption, E® = (a — 8)x/2b. Under the emission cap regulation,
given E € [0, EB),
¢ _a—f+vkE o (a—B)k—20E  (a—p)*—207E* +2(a— B)ykE

— . (10
2b+ k2 2b+yk2 T 2(2b 4 vK?) (10)
Under the emission intensity regulation, given «,
qI: a_/B ’xI:(a/_/B)(K/_O{)jﬂ_I: (a_/B)2 , (11>
2b+ v(k — a)? 2b+ v(k — a)? 2(2b 4+ v(k — a)?)
and given E € [0, EP),
I a—pf—/(a—pB)?+4vE[(a — )k — 20E]
— ) 12
a =K+ 2 E (12)
Under the emission tax, given ¢,
s a—B—kt 5 t 5 202 +v(a—B—kt)?
_——_— _ — pr— . 1
and given F € [0, EB),
tT — ’7[((1_6)/{_26E] (14)

2b + K2
Substituting (12) and (14) into (11) and (13) respectively, we obtain
(0= B)(Va= B + yEl(a— B)x — 2BE] + a - B+ 29kE)

"= 8b + 4yk?2 ’

" (a — 5)2 + 2byE?
N 4b + 2vyk?2
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The difference between 7! and 77 is then

(a—B) {\/(a — B)* +4vE[(a — B)k — 2bE] — (a — 5)} +2vE[(a — B)k — 2bE)]
8b + 4yk? :

T =T =

Note that since EZ = (a—3)r/2b, \/(a — 8)? + 4yE[(a — B)k — 2bE] > a—f and (a— )k >
20F for E € (0, EP). These yield Proposition 2.

We now prove Proposition 3. Differentiating the profit functions, we obtain

dr®  ~ylk(a — B) — 2bE)

dE 2b 4 K2 ’

dr! _ ~v(a —p) ( k(a — B) — 4bE N H)
dE — 4b+2vk* \ \/(a — B)? + 4yE[(a — )k — 2bE] ’
dr’  20E

dE  2b+ k2’

Then, the difference between dn®/dE and dr!/dE is

nC et Wela—B) = 1E) ((a= B+ HE[a— s — 2E] — a+ )

dE  dE 2(2b+yk?) \/(a — B)? + 47E[(a — B)k — 20E]

Then, dn®/dE Z dr'/dE if and only if E < (a — f)k/4b.
Next, the difference between dn’/dE and dr’ /dE is

de’ dr”  A[k(a — ) — 4DE]

a—p
dE ~ dE ~ 4b+2yK? <\/(a—5)(a—ﬁ+4mE)—8mE2H)'

Then, dr!/dE z dr? /dE if and only if E § (a — B)k/4b. Therefore, by defining F; =

(a — B)K/4b, we obtain Proposition 3.
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Abstract

This paper theoretically analyzes fake reviews on a platform market using mod-
els where a seller creates fake reviews through incentivized transactions, and its sales
depend on its rating based on a review history. The platform can control the incen-
tive for fake reviews by changing the parameters of the rating system, such as weights
placed on old and new reviews and its filtering policy. At equilibrium, the number of
fake reviews increases as quality increases but decreases as reputation improves. Since
fake reviews have a positive relationship with a product’s underlying quality, rational
consumers find a rating more informative when fake reviews exist, while credulous con-
sumers suffer from a bias caused by boosted reputation. A stringent filtering policy can
decrease the expected amount of fake reviews and the bias of credulous consumers, but
at the same time, it can decrease the informativeness of a rating system for rational
consumers. In terms of the weight placed on the review history, rational consumers
benefit from higher weights on past reviews than from optimal weights without fake
reviews.
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Figure 1: An example of a refund offer
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Person Red, who is suspected as a seller on Amazon, posts pictures of its products and offers
full refunds of the products after reviews of them. About an hour after of the post, Person
Blue, who is suspected as a fake reviewer, shows an interest on the products and refunds.

1 Introduction

Online platform markets are growing worldwide, such that both businesses and their cus-

tomers increasingly rely on reviews on the platformsEl At the same time, incentives for

sellers to make fake reviews are also growing. Washington Post (Dwoskin and Timberg),

2018) reports that based on fake review detection algorithms, 50.7% of reviews for Blue-
tooth headphones, 58.2% for Bluetooth speakers, 55.6% for weight loss pills, and 67.0% for
testosterone boosters on Amazon are suspicious. How do sellers make fake reviews? The
sellers can post information of their products with refund offers, which are typically finalized
via PayPal after purchases and positive reviews on Amazon. (See Fig. (1| for an example of

such an offer.) These reviews correspond to verified purchases and are reflected to the star

rating (until they are detected by Amazon)P][He et al] (2020) connect such refund offers on

Facebook with product listings on Amazon and show a positive correlation between refund
offers on Facebook and a product’s performance on Amazon such as its ratings, sales ranking,
and the number of reviews. Regulators have been concerned about fake reviews, and their
attitude toward fake reviews is becoming stringent. For instance, in 2019, the Federal Trade
Commission (FTC) filed the first case against paid fake reviews by CureEncapsulations on
Amazon. Online platforms have restricted fake reviews in their own ways, but regulators put

increasingly high pressure on online platforms to maintain a stricter attitude against fake

UHollenbeck! (2018); Hollenbeck et al| (2019) show that ratings work as a substitute of other form of
advertisement or brand names, and this pattern is getting stronger over time in the hotel industry.
land Waldfogel (2020) exhibit that the existence of star ratings has 15 times as the impact on consumer
surplus as the professional reviews on New York Times. For the institutional details and data analysis on
platforms and ratings, see also Belleflamme and Peitz| (2018)

20ffers of such fake reviews from fake reviewers have been found on eBay.




reviews. Pl

However, the impact of fake reviews on consumers on a platform is not clear. First,
consumers might not be fooled by fake reviews if they know that there are fake reviews. In
the standard work of Holmstrom, (1999), the market can correctly anticipate the behavior
of long-lived players and debias the signal. Furthermore, customers might be able to elicit
additional information from fake reviews. If only high-quality sellers make fake reviews to
boost their initial reputation, the boosted rating can be an even better signal of good quality.
Such a behavior might be possible if low quality is revealed via word of mouth, and only a
high-quality seller can reap benefits from future sales, as suggested by Nelson (1970,1974) in
the context of advertising. ﬁ

In this study, we examine a theoretical model in which sales are determined by the seller’s
reputation level and the seller chooses the amount of positive fake reviews at each instance.
Consumers perceive a seller’s reputation based on the potentially boosted ratings displayed
on the platform. The platform can control how strictly it filters fake reviews and how much
the rating reflects the information of past feedback (i.e., how fast the rating evolves). A
key assumption in this study is that it becomes harder for a seller to make fake reviews
as its reputation improves because of the higher reimbursement necessary to incentivize
reviewers due to the higher price.ﬂ This brings more fake reviews from the seller with low
reputation. This also generates the dependence of fake reviews on the seller’s quality-type.
Because high-quality sellers benefit more from their high reputation, high-quality sellers
generate more fake reviews at equilibrium. Because of this positive relationship between the
number of fake reviews and quality, consumers sometimes benefit from lenient policies on
fake reviews. In the literature on signaling promotion, the complementarity between quality
and reputation is understudied because, in most research, promotion is done only once at the
beginning of a game. In this study, the complementarity comes from the future cost-saving
effect rather than an increase in revenue.

The opposite dependence of fake reviews on a reputation about quality and on the under-

3For instance, in 2019, the Competition and Markets Authority (CMA) in U.K. launched work programme
“has written to Facebook and eBay this week urging them to conduct an urgent review of their sites to prevent
fake and misleading online reviews from being bought and sold”. In responses, both Facebook and eBay have
immediately deleted posts identified by CMA, and updated their policy to explicitly prohibit offers of fake
reviews. In 2020, May, CMA has launched new investigation into online websites on how they currently
detect fake or misleading reviews.

4Ananthakrishnan et al.| (2020) analyze the display of fake reviews from a different perspective and show
that the consumers form more trust on the platform if it shows the fake reviews with flags indicating them
as fake reviews, rather than deleting them from the platform.

5We can see the interaction between fake reviews and reputation more commonly. For instance, fake
reviews might be crowded out if the seller receives many organic feedback due to large demand caused by
high reputation. Then, the effective fake review would be costly for such a seller.



lying true quality also provides some cautions on empirical analysis on signaling promotion.
That is, reputation-based indices, such as customer rating, can be a bad proxy for a product’s
underlying quality. Researchers can estimate opposite results if they use customer rating as
a proxy for quality. Furthermore, even if the true quality is measured, it is important to
control for the reputation level when estimating the relationship between promotion and the
underlying quality. Fig. [2| exemplifies the possibility of an omitted variable issue; that is,
the promotion level and the true quality of a product can be negatively correlated without
being conditioned upon a firm’s reputation level, even though quality and promotion have a
positive relationship, ceteris paribus.

The negative relationship between fake reviews and a firm’s reputation also increases the
speed at which the rating changes. That is, in the presence of fake reviews, when the rating
goes down (up), it more quickly goes up (down) than when the rating system has no fake
reviews. This distorts the informativeness of the rating system. How fast the rating changes
relates to the relative weight of new information in the rating system. The greater is the
weight of new information (and the lower the weight of old information), the faster is the
transition of the rating. Thus, the equilibrium effect that makes the transition faster has the
effect of distorting upward the weight of the new information (and downward the weight of
the old information). Therefore, given the existence of fake reviews, the platform needs to
make some adjustments. The platform should set a lower weight for new information (and
higher weight for old information) compared with a rating system that has no fake reviews.

The discussion above is based on the assumption of rational consumers who know the
seller’s strategy. However, the regulator’s concern is not necessarily on sophisticated con-
sumers but more on naive consumers, who are vulnerable to fake reviews.ﬁ] In this study,
we also incorporate such consumers and show how much they become biased as a result of
fake reviews by the sellers. Even though in general the relationship between the bias and
the censorship policy is not monotonous, stringent censorship generally reduces the naive
consumer’s bias under a reasonable range of parameters.

Thus, the regulator might face a trade-off between the precision of the information for
rational consumers and the bias that credulous consumers suffer from. This study provides
a framework for analyzing such a trade-off.

The remainder of this paper is organized as follows. In Section 2, we review related
literature. In Section 3, we analyze a model with rational buyers. In Section 4, we introduce

credulous consumers. Section 5 concludes. Most of the proofs are deferred to the Appendix.

6For instance, Federal Trade Commission (FTC)’s mission is “[p|rotecting consumers and com-
petition by preventing anticompetitive, deceptive, and unfair business practices through ...”.
(https://www.ftc.gov/about-ftc)



2 Literature Review

This paper mainly contributes to two streams of literature: rating design and signaling
through promotion. The literature on rating design can be divided into two strands: (i)
how to reveal the known quality level or estimated quality index (i.e., whether to reveal full
information or add noise/coarsen the information) and (ii) how to generate the index of an
unknown quality based on the multiple sources of information on a player’s performance.

The first strand is often framed in the context of certification, such as the works of
Lizzeri (1999), Ostrovsky and Schwarz (2009), Boleslavsky and Cotton, (2015]), Harbaugh and
Rasmusen| (2018)), Hopenhayn and Saeedi (2019), Hui et al. (2018). Some models are made
tractable by the representation with posterior distribution in the line of Bayesian persuasion
proliferated by Rayo and Segall (2010) and |Kamenica and Gentzkow| (2011). [Saeedi and
Shourideh| (2020) extend the framework wherein the quality is endogenously chosen by the
seller rather than the exogenous variable.

This paper relates to another strand of literature, as it analyzes how to aggregate the
players’ actions into a single index. In a one-shot model, Ball (2019) analyzes the optimal
way to aggregate the various sources of potentially manipulated signals. In a dynamic setting
based on Holmstrom's (1999) signal jamming/career concern model, Horner and Lambert
(2018) show that the effort level of a long-lived player is maximized by a rating that is linear
to past observations. [Vellodi (2020) analyzes the impact of rating on the entry/exit behavior
of a firm and derives an optimal rating that prevents high-quality sellers from exiting from
the market due to a reputation trap of failing to accumulate good reputation because of
initial bad luck. |Bonatti and Cisternas| (2019) examine a long-lived consumer’s Ratchet
effect. The consumers try to hide its willingness to pay to avoid the personalized pricing by
short-lived monopolist, so that the consumption does not perfectly reflect their willingness to
pay. Similarly to Horner and Lambert (2018) and Bonatti and Cisternas| (2019), this study
examines the relationship between a signal-jamming structure and a linear rating system. In
contrast to Horner and Lambert| (2018)), the equilibrium strategy is dependent on the hidden
quality and reputation, such that the seller’s strategy changes the informativeness of the
rating on the equilibrium path, as in Bonatti and Cisternas (2019).[] In contrast to Bonatti
and Cisternas (2019)), where the effect of the manipulation is endogenously determined via

the short-lived player’s belief, in this study, the platform controls for the effectiveness of

"Another contrast to |[Horner and Lambert| (2018) is that they start from a general information structure
so that they can represent any reputation by changing the information structure. Then, they can focus on
the resulted process of reputation level in a similar way that researchers focus on the resulted outcome by
the revelation principle in the context of the mechanism design. On the other hand, this paper and [Bonatti
and Cisternas| (2019) use more specific information structure, so that we should examine how the consumers
interpret the resulted rating.



the manipulation so that we can analyze the impact of censorship by the platform. In
addition, this study departs from the literature by analyzing the impact of manipulation on
naive/credulous consumers, which is often the concern of regulators.

This paper also contributes to the literature on promotion and signaling. Nelson (1970,
1974) argues that even if the promotion does not have any intrinsic information, “burn-

Y

ing money” itself can be a signal of good quality because such a signal pays off only for
high-quality firms through repeated purchases in the future. This idea is formalized later by
Kihlstrom and Riordan| (1984)), Milgrom and Roberts| (1986al) and many others as separating
equilibria in signaling models. Using a one-shot signal-jamming framework instead of a sig-
naling model, Mayzlin| (2006) shows a negative relationship between promotion through fake
reviews and quality, and Dellarocas| (2006]) generalizes conditions for the positive/negative
correlation in a one-shot signal-jamming model. |Bar-isaac and Deb| (2014) examine the ef-
fects of vertically /horizontally heterogeneous preferences, and Grunewald and Krékel (2017)
examine the effect of competition between firms. Most studies on the signaling role of pro-
motion are based on models with one-shot promotion, except for Horstmann and MacDonald
(1994)), where the experience of the product is an imperfect signal of the quality, and the
signaling via advertising is done only after establishing a reputation so that it is hard for
low-quality sellers to mimic high-quality sellers’ behaviorf] In this study, I examine a dy-
namic signal-jamming model, where reputational concern is the driving force for the positive
correlation between quality and promotion. It also generates non-degenerate dynamics con-
sistent with an observation by [Luca and Zervas| (2016) that strategic manipulation increases
after a drop in reputation.

The dependence of fake reviews on reputation also provides some implications for the
empirical literature on signaling promotion. The literature has had weak support regarding
the correlation between quality and promotion. For instance, Kwoka (1984) observes that op-
tometrists with more advertisements provide less thorough eye examination, and Horstmann
and Moorthy| (2003) observe that advertising is hump-shaped in terms of quality among
restaurants in New York. Recently, Sahni and Nair| (2019) implement a quasi-experiment
to isolate the intrinsic information and signaling effect of burning money and show that the
consumer positively responds to the burning of money. They point out that it is difficult to
show the relationship between quality and promotion level because it is difficult to obtain
a reliable measure of quality. This paper emphasizes this point. A reputation-based index,

such as customer rating, can be a bad proxy for the underlying quality. The reputation

8 Aside from the context of the rating system or the signaling promotion, |Grugov and Troya-Martinez
(2019) examine the biasing behavior of the seller in a model a. la. |Holmstrom (1999) incorporating a
detection rule and credulous consumers, and show that the biasing behavior increases as the authority
requires stricter rule and the share of credulous consumer increases.



Figure 2: A simulated distribution of quality levels and the amount of fake reviews
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The left panel show that the the amount of the fake reviews is negatively correlated with the
quality level, unconditional on the level of reputation. On the other hand, the right panel
shows that the amount of the fake reviews is increasing in the quality level, conditional on
the reputation level.

level and the underlying quality level have opposite impacts on the promotion level in equi-
librium. Furthermore, even if the true quality is measured, it is important to control for
the reputation level. As shown in Fig. [, the level of promotion and the true quality can
be negatively correlated without being conditioned upon the reputation level, even though

quality and promotion have a positive relationship, ceteris paribus.

3 Rating Design for Rational Consumers

In this study, we examine both models with rational consumers and naive consumers. In
this section, we first introduce a baseline model with a mass of rational consumers. The
consumers rationally expect that a long-lived seller makes fake reviews following a linear
strategy. However, they cannot induce the seller’s exact action at time t because the quality is
still hidden, even though the strategy and the current reputation are known to the consumers.

Then, in the next section, we introduce a market with naive consumers who do not
expect any fake reviews while the seller makes fake reviews, such that the reputation is
biased upward. In each model, we examine the impact of the platform’s filtering/censoring

policy on reviews, the weights of new and old reviews, and the precision of genuine reviews.

3.1 Model

The model is in a continuous time and infinite horizon, ¢ € [0, co). At each instance t, a
long-lived seller sells ¢ units of its product, whose quality is denoted as #;, and makes F; units

of fake reviews. A sufficiently large mass, n, of consumers forms a demand function such that



the price p;, = E[6;]Y;] = M, clears the market, where Y; is the rating of the product at time
t.ﬂ The price being a representation of the reputation of the hidden quality is the standard
assumption in the literature on reputation. The quality #; governs consumers’ willingness to
pay for the product, so the price is high when the expected quality of the product is high.
A more specific underlying model, that can incorporate naive consumers is suggested in the
Appendix.
The quality, 6;, and rating, Y;, change over time. The quality, 6;, follows an exogenous
mean-reverting process:
db; = K (=0, + p) dt + o9dZ! (1)

while the rating, Y}, is characterized by the following differential equation:
dYy = —¢Y; + d& (2)

where d§; is defined as:

&, = aFydt + bgbydt + \/bqoedZ (3)

where (Zf , Zf) is a standard Brownian motion; a is the effectiveness of the fake review; b
is the feedback rate from customers; p is the mean of ; in the stationary distribution, and
op and o¢ govern the standard deviations of the disturbance. The exogenous mean-reverting
process of 6, is understood as resulting from the competition over quality among sellers.
The relative quality of a firm’s product might decrease due to the rise of other sellers with
even higher quality. The firm’s product’s relative quality might increase when a competitor
increases its product’s price. The transition of the rating, Y, is interpreted in a discrete time
analogue that the future rating, Y;,4, is a weighted sum of the new reviews, d¢;, and the
previous reviews, Y;, with weights of 1 and 1 — ¢dt, respectively. After filtering suspicious
reviews, the new reviews consist of two components: “organic” reviews and the remaining
fake reviews. The second and third terms of Eq. correspond to organic reviews. Higher
quality tends to generate high reviews, and the information becomes precise when there is
feedback from many transactions (i.e., high ¢) or a high response rate (i.e., high b). The
disturbance, agde , is caused by the heterogeneity of the criteria among customers. The
first term is the effect of the fake reviews. The seller tries to boost the average review through
fake reviews, but some of them are detected by the platform, and the remaining reviews enter

as aFidt. Thus, a small a implies stringent censorship. As in Horner and Lambert| (2018)),

9Saeedil (2019) showed that the reputation is the measure determinant of the price on eBay market.

10Tn this paper, the mechanism behind the customer feedback is abstracted and assumed that the fixed
portion of consumers keep reviewing. For detailed analysis on the customer feedback, see |Chevalier et al.
(2018) and the literature cited in it. They analyze the relationship with managerial responses to reviews.



Vellodi (2020)), and Bonatti and Cisternas| (2019), the rating, Y;, does not exactly capture
5-star rating on Amazon, Yelp, or some other online platform. The level of Y; is dependent
on the mean of 6, and other parameters. By this specification of the rating, we can rely on
the normality to simplify the analysis.

The seller’s instantaneous payoff is defined as:

c
= (1—T)pt(CI+Ft)—pt'Ft—§E2

where 7 denotes the transaction fees imposed by the platform. The first term is the total
revenue from all transactions, including those corresponding to fake reviews, and the second
term is the reimbursement cost to the fake reviewers. The last term expresses that generating
more fake reviews is harder. The seller might find it challenging to search for incentivized
reviewers through communities such as Facebook. Some fake review services may charge a
higher price for fake reviews. Furthermore, increasing the number of fake reviews come with
a higher risk of being detected by the platform. The cost of production is abstracted out
from the model. E The long-lived seller maximizes its discounted present value by choosing
(F t)t20'

The instantaneous profit becomes easier to compare with the previous research when it

is rewritten as follows:
c
2

Without the second term in eq. , the model becomes effectively a special case of [Horner

Tt:(l—T)Mt'q—TMt'Ft— Ft2' (4)

and Lambert| (2018]), which is based on |[Holmstrom’s (1999) signal-jamming model and uses
a general information structure as a rating. However, due to the existence of this term,
the marginal cost of the manipulation depends on the current reputation level. Therefore,
the equilibrium manipulation level depends on the current rating in contrast to Horner and
Lambert| (2018)), where the equilibrium action turns out to be state-independent. Instead
of relying on the time- and state-invariant action, we apply the idea of |Bonatti and Cister-
nas| (2019) to focus on a linear strategy, and a Gaussian stationary distribution of (6;, Y;).
Then, the Hamilton-Jacobi-Bellman equation gives a simple quadratic value function, which
is solved by the guess-and-verify method. It is verified that as 7 approaches zero, the equi-

librium strategy becomes invariant to 6;, Y;, (and t).

YWhether the high quality seller or low quality seller face high costs of production is arguable by itself.
If high quality come from the seller’s high productivity, the high quality seller can produce with lower costs.
If the low quality is by the seller’s choice rather than the difference in the production technology among
sellers, the low quality product would be associated with low production cost. The different specifications
on the production costs can cause different pattern in fake reviews, but those extensions are deferred to the
future research.



The interaction between the current reputation and the current action is considered as
the driving force of the non-degenerate Markov equilibrium strategy. In this study, this
interaction between reputation and manipulation is derived from the reimbursement to fake
reviewers; however, such an interaction can be more commonly observed in the context of
fake reviews. For instance, if the reputation is high, then a large demand can crowd-out fake
reviews, such that the effective fake reviews can be more costly given the high reputation.
In the Appendix, an alternative model with such an interpretation is discussed. A model

with a changing quantity that is isomorphic to the main model is discussed in Appendix [C]

Definition of the Equilibrium As mentioned above, we focus on a linear Markov strategy
equilibria, where a linear Markov strategy maximizes the seller’s discounted present value
among any admissible strategies.

A linear strategy (in 6; and Y};) is defined as:
F, = a0, + BY, +4

Note that 0; does not directly appear in the instantaneous payoff function, but it appears in
the transition of the payoff relevant state variable, Y;. Thus, the seller is potentially sensitive

to the level of #;. Now the equilibrium is defined as follows:

Definition 1. A linear Markov strategy F' = (F}),5, s.t. Fy = a6, + BY, + 4 is a stationary

Gaussian linear Markov equilibrium if

E, [ fooo e‘t’”m} where (E) is admissible,

1. F= :
argmax( t) 150

>0
2. Mt =F [9t|§/t]7 and

3. (01, Yi),5 induced by F'is a stationary Gaussian.

We do not know that (6, Y}),s, is stationary or Gaussian ez ante because Y, is endoge-
nously determined by F;. Hovvevglr7 given a linear strategy, the condition for (6;, Y;),~, to
be a stationary Gaussian is simply characterized by an inequality—similar to Bonatti_ and
Cisternas| (2019)—by Egs. and , and the definition of the linear strategy,

dY, = —¢Y,dt + aFydt + bgb,dt + /bqoedZ*
. <¢ - a3> Yidt + (ad + bq) 0,dt + adudt + \/bgoedZE (5)

10



Thus, an inequality, ¢ — aB > 0, must hold for (6, Yt)tzo to have a stationary distribution
(otherwise, the process of Y; diverges). When (6, Y;) is a stationary Gaussian, by the

projection theorem on the Gaussian distribution,

Cov (0, Yy)

My = E[0,|Y)] = E[0,] + Var (Y;)

[Y: — E[Yi]] (6)

Furthermore, if it is stationary, all expectations in Eq.@ are constants. By letting A =

%&Y;) and v = E[Y,] (and p = E[#;] by construction), Eq.@ is written as M; = p +

AlY; — v]. In the following part of this section, we use M, instead of Y; as a state variable

for the sake of expositional simplicity. Then, the linear strategy is redefined as
Ft = Oéet +BM¢ + (5/JJ

The stationary condition is summarized as follows:

Lemma 1. (Stationarity and the characterization of the long-run moments) Suppose Fy =
aby + BM; + o where My = E [0,]Y;] for allt > 0. Then, a process (6;, Kﬁ)tzo is a stationary

Gaussian if and only if
i. My=p+ N[Y;—v| forallt
1. a\f — ¢ <0, and

iti. (0o, Yo)' ~ N ([, v]', T') is independent of <Zt9, Zf) where T is the variance-
>0
covariance matrix in the stationary distribution.

The third condition is required so that the game starts from a stationary distribution.

Now, the HJB equation is simply written by using [to’s lemma:

rV (0, M):sup(l—7')]\4-@1—7‘]\/[-1E’—EF2
FeR 2

— k(0 —p) Vo
+ {aAF +bgh0 — ¢ [M — G+ \Y ]} Viy

SV (7)

By guessing the quadratic form of the value function, V' = vy+v,04vy M +v30? +v, M +v50 M,
and the linear strategy, we can verify the existence and uniqueness of the value function and

the linear strategy via the matching coefficient.

11



3.2 Equilibrium Characterization

The equilibrium strategy is characterized by guessing the quadratic value function and the
linear strategy and by matching coefficients «, 3, 9, (vk)izo of the first-order conditions, en-
velop conditions, and the stationarity condition characterized in Lemma 1. In the proof, the
characterizing conditions are summarized into one equation h (L) = 0 with an aggregator
L = a)\f3, and then all the equilibrium coefficients are derived as a function of L. Aggre-
gator L is interpreted as an equilibrium effect on the speed of the rating transition or the
equilibrium effect on the relative weight of new information. When L is positive, the rating
transition effectively speeds up because the low rating is soon boosted back to the average
rating by fake reviews.

By analyzing the existence and uniqueness of the aggregator L and examining the corre-

sponding equilibrium coefficients, we obtain the following theorem:

Theorem 1 (Existence and uniqueness). There is always a stationary linear Markov equi-
librium. For any equilibrium, o > 0, § € (—%, 0), A >0 and L > 0 hold. Furthermore, if
h' (L) < 0 holds, then such an equilibrium is unique, and the equilibrium coefficients o, f3,

and § are differentiable in the parameters.

h' (L) < 0 holds for any L > 0 if 6k¢ + 412 + 2kr + 17r¢ + 19¢* > k2.

Note that 6k¢ + 472 + 2kr + 17r¢ + 19¢? > k? is a loose and reasonable condition. ¢ is
the transition speed of the rating, and « is the transition speed of the quality. The required
inequality is reasonable as long as the rating system is meant to help estimate the current
quality. For instance, even if the true quality does not drift much (i.e., £ ~ 0), the rating

should drift toward the underlying true quality (i.e., ¢ > 0).

Intuition of the Equilibrium Strategy In Theorem [I} it is shown that high-quality
types make more fake reviews (o > 0), conditional on its reputation level. and high-
reputation type makes fewer fake reviews (8 < 0) conditional on the quality type. Given the
logic of Nelson (1970; 1074), o > 0 (and S < 0) might look intuitive, but this model adds
different reasons than the previous research.

I start from the negative 8. From the first-order condition, the optimal strategy is

expressed as
F, = Ty + aX {vg + 2Myv4 + Qvs }
c N ~—

=Vmr
Then, f = -7 + %m. Furthermore, the envelope condition gives an expression for v, so
that it is rewritten as 8 = —% — %% The first term comes from the interaction of

the reputation level and the fake reviews in the cost term, 7M,;F;. If the reputation is high,

12



then the marginal cost of the fake review is high. Therefore, the seller will make fewer fake
reviews given a higher reputation. The second term corresponds to the fake review’s marginal
benefit in the future. Given the equilibrium strategy, v, = —m is positive, meaning
that the marginal benefit in the future increases with the reputation. This is because the
future self will reduce the amount of fake reviews after observing the boosted reputation
due to today’s fake reviews. Furthermore, this effect increases with M; because the future

reputation M, 4 tends to be high given a high M;, so the interaction term
TMyyarFryar = o My ar0prar + TﬁMtQert + Ot My yar (8)

decreases quadratically given a negative 5. It turns out that the first term dominates the
second term; thus § remains negative.

The intuition of positive o comes from the complementarity between the quality, 6, and
the reputation, M, in the seller’s value function. With high quality 6, today, the reputation
in the future tends to be higher than the case with low quality today, given the same
level of reputation M; today. Furthermore, as previously stated, the future benefit from
the reputation boost is higher given a higher reputation in the future. Thus, high quality
results in a high incentive for fake reviews. Mathematically, the equilibrium coefficient « is
characterized as

a = al\vs = ﬁ@ (ace + bg) vy — at} (9)
The first equality reveals that the sign of a comes from the complementarity of # and M in
the value function. In the last expression, (ac 4+ bg) A indicate that the high 6, results in a
high M, 4. It is multiplied with positive v4, which represents an increasing marginal value
with respect to M;, 4. This is the driving force of the positive a. The remaining term of Eq.
@D, —arT, states that such an incentive is attenuated because the quality in the near future
014 tends to be high given high 6;; thus, today’s fake reviews increase the cost in the future
via the first term of Eq. .

In summary, the driving force of § < 0 is the incentive to reduce 7M;F; today given a
high M,;. « is positive because of the complementarity of #; and M, through cost savings.
Readers might wonder why an increase in revenue (like Nelson, 1970, 1974) does not appear
in the above argument. If 6, is high, the boosted revenue would stay high for a long time; but

in this model, such a product would eventually achieve a high reputation through organic

feedback even without fake reviews. Therefore, the marginal future revenue gFi (s >t)is
independent of ;. It is worth noting that the same intuition applies even in a variant of the

model with a fixed price p and time-varying quantity ¢; discussed in the Appendix.

13



3.2.1 Properties of the equilibrium

Before examining the normative properties of the equilibrium, we check some positive prop-
erties of the equilibrium.

First, the expected amount of fake reviews is increasing in a. This is simply because
the marginal benefit of fake reviews in the future would increase if the platform loosens
the censorship policy. The model does not guarantee a positive amount of fake reviews in
general, but it is also shown that the expected amount of fake reviews is positive under some

parameters.

Proposition 1. E[F,| increases with L and L increases with a. Furthermore, E[Fy] > 0

holds for sufficiently large a.

Thus, the model can represent a reasonable situation under some parameters where fake
reviews have non-trivial effect (i.e., a is significantly high). There still remains a small
probability that F; becomes negative due to the normal distribution, but the model can
approximate a reasonable distribution of the fake reviews, under which the negative revenue
is rarely observed, as shown in Fig. [2]

The precision of “organic” feedback from normal customers also monotonically changes
the expected amount of fake reviews. When the organic feedback from customers varies a lot,
it is hard for the seller to manipulate the reputation because a boosted rating is attributed
to a large variation in the feedback.

Proposition 2. E [F}] is decreasing in (2)

g9

Even though a stringent policy decreases the expected amount of fake reviews, as shown
in Proposition[I] it does not imply that the seller’s strategy gets closer to the no-fake strategy
of {a, 8, 0} =40,, 0, 0}. Moreover, the stringent policy might have unintentional effects of

increasing the absolute value of the equilibrium coefficients.

Proposition 3. |a| increases in = and decreases in Z—Z |B| decreases in a and increases in
I
oy |
Under a stringent policy (small a), the marginal benefit of fake review decreases because
fake reviews are reflected less in the rating; but at the same time, the dependence of the
marginal benefit on the current reputation also decreases. Mathematically, the second term
of f = -+ %% decreases while the marginal cost still depends on the current
reputation regardless of the censoring policy. Therefore, |3| increases owing to the less

countervailing effect.

14



In the proof of the proposition, the intensity of dynamic consideration is also captured
by an aggregator . = —aA(3, which is the equilibrium effect on the reputation transition
speed. L becomes smaller when the dynamic incentive becomes smaller; thus, «, which
only comes from the future marginal benefit, becomes smaller, and ||, to which the future
marginal benefit only works as a counteracting effect, becomes greater because the present
%

cost reduction incentive prevails. L is shown to be increasing in “- and decreasing in

og”
ar

Lemma 2. L at the equilibrium increases in “- and decreases in Z—Z Furthermore, L — 0

as%—>0andL—>oo as%—)oo.

This concludes Proposition 3 « does not necessarily increase in a because « is a function
in a and L, so the change in a affects directly and indirectly via L, and the net impact is
not clear. |3| does not necessarily decrease in Z for an analogous reason even though a limit
of 7 — 0 is known.

Proposition |3| implies less signaling (smaller /) and more distortion in the effective tran-
sition speed of the rating (greater |3|) when the aggregator on the strategic effect L is small.
This suggests less information from the rating system when the strategic effect L is small.
In the following section, we formally examine this effect.

Some limits of the equilibrium strategy are worth noting before jumping into a normative
analysis. Since the negative 5 comes from the interaction term in the cost of the fake reviews,
whose coefficient is 7, S approaches zero as 7 approaches zero. At the same time, a also
approaches zero because the complementarity of 6 and M is caused by future cost savings
via negative 8. In this limit, the fake reviews become constant as in Holmstrom! (1999)). This

is summarized in the following proposition.

Proposition 4. |af, |5] = 0 as 7 — 0.

3.3 Optimal Rating System for Rational Consumers

In this study, we focus on the informativeness of the rating system as a normative criterion
for two reasons. First is from the viewpoint of consumer protection: as the rating system
gets more informative about the quality of a product, the price is likely to be close to the
underlying quality. Thus, it becomes less likely that consumers would face huge regret from
the purchase of the product. Second is from the viewpoint of the platform: the informative-
ness of the rating is crucial to attracting consumers in the long run. If consumers find it
uninformative, they, as well as the sellers, can move to other platforms, given less consumers
in the market. Thus, the informativeness of the rating would be the first priority when the

platform controls it.
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Since rational customers can form an unbiased estimate from any current rating, M; =
E [0,|Y;], the informativeness of the rating is defined by the variance of the customer’s es-
timate of quality. Owing to the normality assumption, this is rewritten as Var (6;]Y;) =
Var (6;) (1 — p?), where p? is the correlation between 6; and Y;. Therefore, we use p* as the
criterion for the informativeness of the rating.

Given an equilibrium strategy, the stochastic differential equations—FEqs. and —give
us p? as a function of the parameters and the equilibrium strategy. Therefore, the change
of a parameter directly affects p? and indirectly affects it via a change of the equilibrium
strategy. Fortunately, by representing the equilibrium coefficients o and [ as functions of
the equilibrium aggregator L = a3\, all the direct and indirect effects of the censorship (a)
are expressed as an effect through L. Comparative statics about other parameters, such as

¢ and o¢/0p, can also be examined by the indirect effect through L and the direct effect.
Lemma 3. At the equilibrium, p® is expressed as a function:

(¢+ L) (A(L; ¢, K, 7, bg) + 1)
K+ ¢+ L) ((A(L; ¢, K, 7, bq) + 1)% + Kk(0¢/09)* (ks + L))

p2 (L7 ¢7 R, 0¢, 09, T, bQ) = (

on which a, ¢, T have effects only through L.
A(L; ¢, K, r, bq) summarizes all the direct and indirect effects of a on the informativeness

as a function of L.

3.3.1 Filtering/Censoring Reviews

First, we analyze the impact of a filtering/censoring policy, a. Do fake reviews damage the
informativeness of the rating system compared with the case without fake reviews? Does
filtering or censoring the reviews (i.e., decrease in a) increase the rating’s informativeness?

As a benchmark, we derive informativeness without fake reviews. By construction, we
can do this by letting « = § = § = O.E The same informativeness is also replicated by
setting L = 0 in p* (L; ¢, Kk, 0¢, 0g) to make it easier to compare with the informativeness

at the equilibrium.
Lemma 4. p? (0; ¢, K, o¢, 09) coincides with p* under the no-fake strategy.

Note that L = 0 does not necessarily mean @ = = § = 0. For instance, L approaches
0 as a approaches 0; but at the same time, 3 converges to some negative value. The lemma

says that even under such a situation, informativeness is the same as that without fake

12 Actually, & does not enter in the formula for the informativeness, so § = 0 does not matter in terms of
the informativeness.
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reviews. Lemma [2| which is about the relationship between L and parameters, and Lemma

4 together lead us to the following proposition:

Proposition 5. The informativeness of the rating system in equilibrium converges to that

of the “no-fake” strategy as *= — 0.

Thus, even though the equilibrium strategy at the limit of % is not necessarily the no-fake
strategy, the informativeness converges to that of the no-fake strategy.

By analyzing the behavior of p? (L; ¢, K, o¢, 09) with respect to L, we can conclude that
the informativeness can be even higher under some parameters where a positive amount of
the fake reviews is expected. In other words, stringent censorship can decrease the informa-

tiveness of the rating system.

Proposition 6. The equilibrium strateqy is more informative than no-fake strategy under a

set of parameters such that
1. %% is sufficiently large, or

2. “T s sufficiently small and O < K®+ Z_é
¢

Fig. [3|shows the behavior of p? with respect to L. The first part of the proposition comes
from the fact that p? converges to 1 as L approaches infinity. Since L is increasing “ from
zero to infinity, the equilibrium informativeness surpasses that of the no-fake benchmark

aT

at some point as %~ increases. The second part is derived from the behavior of p? around
L = 0. The derivative of p? with respect to L is determined by the relative size of ¢? and
(K* +05/0?): It ¢* < K> + Z—g, then p® decreases in L; thus, decreases in T, |13

The intuition of this proposition consists of two parts: (i) As mentioned in Subsection
[3.2.1] the sensitivity of fake reviews to 6, decreases as the strategic effect L decreases. Thus,
the strict censorship policy, which reduces the equilibrium aggregator L, decreases the sig-
naling effect of the fake reviews. (ii) Meanwhile, L > 0 increases the effective transition
speed of reputation to ¢ + L. It can be good or bad in terms of informativeness, depending
on the original transition speed, ¢. More specifically, the threshold of |/x? + 03/ o = @0 is
the informativeness-maximizing ¢, given no fake reviews. Therefore, if ¢ is smaller than ¢°,
the faster transition improves informativeness. It turns out that the first effect dominates in

the case of a large L and the second effect dominates in the case of L close to zero.

13Note that E [F}] is increasing in L and positive for large L (by Proposition . Thus, the high informa-
tiveness is not due to negative fake reviews, but associated with the positive amount of fake reviews.
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Figure 3: Change of the informativeness in the aggregator L
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The graph indicates that the informativeness is (i) increasing in L if ¢ and r are relatively
low, (ii) increasing in L around zero, then decreasing, and then increasing if ¢ is relatively
low but r is relatively high, and (iii) decreasing in L around zero and then increasing in L if
¢ is relatively high. It also indicates the rating becomes more informative than the no-fake
benchmark as L gets large.

3.3.2 Weights on New/Previous Reviews

Next, we analyze the optimal weights of the new and old reviews. Again, the informativeness

without fake reviews is expressed by p* (0; ¢, k, o¢, o). Therefore, the optimal weight at

this benchmark is simply characterized by a%pz (0; ¢, Kk, o¢, 09) = 0. Let ¢° be the solu-

tion to this equation. Meanwhile, at equilibrium, ¢ changes the equilibrium aggregator L.

Thus, the optimal weight at equilibrium is characterized by %%2 = %ﬁ (L; ¢, K, 0¢, 09) +
L

(%pQ (L; ¢, K, o¢, 0p) i = 0. Let the solution of this equation be ¢*. Now, we have the

following proposition. E
Proposition 7. Cfi—’j < 0at¢ = ¢°. Furthermore, if r is sufficiently small, then p* (L (¢*); ¢*, K, o¢, 09) >
p2 (07 ¢07 R, O¢, 09)'

The first part of the proposition states that the platform should reduce the speed of
transition ¢, given the existence the fake reviews. Intuitively, this is explained as follows. At
equilibrium, the transition of the rating score Y; is ¢ + L where L is non-negative. Therefore,
to cancel the strategic impact on the transition speed, the platform should decrease ¢,
compared with the no-fake benchmark ¢°. Again, the transition speed is interpreted as
the relative weight of the new information. At the equilibrium, the number of fake reviews

decreases in the current rating; thus, the fake reviews cancel the past performance. In other

144 corresponding to disaggregated information, ¢¢, is an alternative benchmark as in Bonatti and Cis-
ternas| (2019). In this model, we obtain a mixed result for the comparison of ¢* and ¢?. See the appendix
for more details.
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Figure 4: Change of the informativeness in ¢
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The left panel shows change of the informativeness in ¢ when r is relatively low, while the
right panel shows that of a relatively high r. The informativeness is maximized at a lower ¢
under the equilibrium than the maximizer under the no-fake benchmark.

words, the new information is effectively weighted more than the platform intends. Thus,
the platform can increase the informativeness by adjusting it downward.

The second part of the proposition is even more striking. If the seller is sufficiently
concerned about the future, the platform can achieve higher informativeness than the no-
fake review benchmark by adjusting the speed of updating the rating. The implication is
similar to Proposition 5, but is slightly different from it. The right panel of Fig. 3 illustrates
that informativeness at equilibrium is greater than that without fake reviews under some
parameters (e.g., ¢ = 0.9), as shown in Proposition 5, but it can still be lower than the
maximum informativeness without fake reviews (maximized around ¢ = 1.6). The second
part of Proposition 6 states that even when we compare the maximum informativeness of
the rating with and without fake reviews, the one with fake reviews will be higher if the

seller cares enough about the future as shown in the left panel of Fig. 3.

3.3.3 The Precision of Genuine Reviews

Lastly, we examine the impact of the precision of organic feedback, Z—Z As discussed in Sub-
section , increasing Z—Z and decreasing a have similar effects on the equilibrium strategy.
However, they differ in terms of the impact on informativeness. This is because a affects
informativeness only through the equilibrium aggregator L, but Z—Z affects informativeness
directly as well. Intuitively, if the reviews consist of less precise feedback (i.e., higher Z—Z), the
rating score, by definition, is less informative about quality. The indirect effect consists of
two parts, like the comparative statics over a: (i) Higher Z—f) implies a smaller strategic effect
L, which implies less signaling effect. (ii) L > 0 effectively increases the rating transition
to ¢ + L. The following proposition shows that the direct effect and the first indirect effect

19



dominate the second indirect effect for any parameter.
Proposition 8. The informativeness at the equilibrium decreases in Z—Z

Thus, the precise organic feedback increases informativeness even though it comes with

more fake reviews.

4 Rating Design for Naive Consumers

The model with rational consumers is a standard starting point for any economic model, but
in the context of customer reviews, it is natural to consider the impact on naive consumers
who do not expect any fake reviews. The regulator often tries to protect customers from fake
reviews, with the assumption that the fake reviews can fool or at least confuse consumers.
In this section, we assume that some consumers do not expect any fake reviews on the
platform. They are modeled by assuming that the reputation (and the price) is characterized
as M, = /H—X [Y; — 7] where X and ¥ are characterized by the stochastic differential equations
Egs. and (5), where a = 8 = § = a = 0. Meanwhile, the long-lived seller faces the same
problem as in the previous chapter, except for the definition p,["]

4.1 Model / Equilibrium Characterization

In this section, the price is assumed to be a convex combination of a rational reputation M

and a naive reputation M.

p=nM+(1—-n)M
=n{p+ Y, —v]}+(1—n) {M+)\naive [Yt _Vnaive]}
= — (n)\y =+ (1 o 77) )\naiveynaive) + (77)\ + (1 _ 77) Anaive) Y;

One interpretation is that each consumer can be partially rational. Their expectation about
the quality of the product is somewhere in between the totally sophisticated expectation and
the totally naive expectation. The rationality of each consumer is captured by 7.

Another interpretation is that 7 is the ratio of rational consumers among all consumers.
Then, the market price is set somewhere in between the rational expectation and the naive

expectation. When the ratio of rational consumers increases, it converges to the rational

>Note to be added: Similarity to Milgrom and Roberts| (1986b) RAND “Relying on the Information of
Interested Parties”
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expectation. The linear specification captures such a relationship in a simple manner. Fur-
thermore, it can be rationalized as an equilibrium price given a specific utility function of
buyers. Suppose that there are n consumers in the market and 7 -n of them are rational and
the other (1 —n) - n are naive. Consumer i € [0, n] feels u;; = 6; + €;; — p; if the consumer
buys the product, and 0 otherwise, where ¢ ; is identically and independently distributed.
Rational and naive consumers differ only in terms of how they form their expectation based
on the same observation of the rating Y;. Conditional on Y}, a rational consumer purchases
the product if and only if M; + ¢; — p > 0, while a naive consumer purchases it if and only

if ]\Aft + ¢; — p > 0. Therefore, the total demand function is expressed as

n-n-(l—F(p—M))+(1_77)'n'<1_F<p_M>)

where F'(p) is the c.d.f. of the random variable ¢;. By letting n = 2¢ and assuming that ¢;
is distributed uniformly and symmetrically around zero. We obtain p = nM + (1 — ) M to
clear the market.

In this section, we consider a linear strategy F, = a6, + 8Y; + 4 and the HJB equation

with state variables # and Y because Y keeps track of both M and M in a simple manner:

rV (6, Y):s.up(l—7')10«]—7'][%F—EF2
FeR 2

— k(0 — ) Vo

2
Op
+ 2V,
9 06

2.2 92
b q o

T

Wy (10)

The following theorem states that, even with credulous consumers, we have the existence

and uniqueness given the same condition as the baseline model.

Theorem 2. For any n € [0,1], a stationary linear Markov equilibrium always exists. For
any equilibrium, o > 0, § € (—%, O), A >0 and L > 0 hold. Furthermore, if h' (L) < 0
holds, then such an equilibrium is unique and the equilibrium coefficients o, 3, and § are
differentiable in the parameters.

h' (L) < 0 holds for any L > 0 if 6k¢ + 472 + 261 + 17r¢ + 1942 > K2

In addition, surprisingly, the existence of naive consumers reduces the seller’s strategic

behavior.
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Proposition 9. The equilibrium with naive consumers (n € [0,1)) generates a smaller |a/|,

a larger |B|,and a smaller E[F,| compared with the equilibrium without naive consumers
(n=1).

This is because rational consumers are more sensitive to the change in ratings compared
with naive consumers. Rational consumers know that the rating is boosted, but they also
know that the rating is boosted more by a firm with a high quality product. Therefore,
rational consumers attribute the boosted rating to high quality, and set a high price for such
a boosted rating. Meanwhile, naive consumers are unaware of such a strategic correlation
between quality and a rating. Therefore, with naive consumers, the price is less responsive
to the boost of the ratings; thus, the seller faces a smaller marginal benefit of fake reviews,
which leads fewer fake reviews in expectation.

Readers might wonder why the seller does not become more exploitative of naive con-
sumers. This is simply because the fake review strategy against rational consumers generates
more fake reviews for different reasons than exploiting consumers. If only a small number
of naive consumers exist and observe the ratings, naive consumers would form even more
biased estimates because the seller makes more fake reviews to send a good signal to rational

consumers.

4.2 Optimal Rating System for Naive Consumers

Criteria: Bias in the Reputation. In this section, we evaluate the impact of fake reviews
on naive consumers. To do so, we introduce a bias in the naive consumer’s expectation caused

by the boosted rating:

Bias = E [J\Z . et]

—E[u— 0+ X[ - 7]

=Xy -7

where ) is the sensitivity of the reputation to the rating, and v and v are the actual mean of
the rating and the estimate of the mean of the rating by the naive consumers, respectively.
The decomposition of the bias, as shown above, is intuitive: the positive bias is due to the
boosted reputation. Because naive consumers do not expect any fake reviews, they interpret
a high rating ( Y; > 7) as a result of high quality, even though it is actually the average level
of the rating at equilibrium (Y; = v > 7).

Therefore, as long as the seller makes a positive amount of fake reviews (in expectation)

to boost the rating, naive consumers are positively biased. This intuition is verified in the
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Figure 5: Impact of censorship intensity and the weights of reviews on naive consumer’s bias.
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following lemma.

Lemma 5. Bias > 0 if and only if E[F,] > 0.

4.2.1 Filtering/Censoring Reviews

In the following section, for the sake of tractability, I focus on the case of n = 0, where only
naive consumers exist in the market. Numerical exercises for n € (0, 1) can be found in the
Appendix.

First, we examine the impact of a filtering policy, for which regulators are arguably con-
cerned the most. The following proposition provides a theoretical background of a stringent
policy that procect the naive customers. Note that even though the statement seems pretty
intuitive, it is not trivial because the model predicts a non-monotonouse relationship between
censorship and bias in general. Fortunately, in a realistic range of parameters, where naive
consumers suffer from a positive bias in their reputation, stringent censorship will reduce

such a bias.
Proposition 10. Suppose Bias > 0; then, Bias increases in a.

Combined with Lemmal[5] the condition for a stringent policy to work for naive consumers

is translated as the condition of a measure observable by the platform.

Corollary 1. Stringent censorship reduces the bias of naive consumers whenever the expected

amount of fake reviews is positive.

Thus, as long as a positive number of fake reviews are observed, the stringent policy is
beneficial for naive consumers, even though it can reduce informativeness of rating for the

rational consumers.
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4.2.2 Weights on New /Previous Reviews

As shown in Fig. [5| the bias tends to be hump-shaped in ¢. This is intuitive because
fake reviews would be effective only when the rating is believed to be informative by the
consumers so that the consumers react to the rating. Since the informativeness is hump
shaped in ¢, so is the bias caused by the fake reviews. This emphasizes that the trade-off
between bias and informativeness can be an inherent feature of fake reviews.

Some readers might want an integrated criteria for bias and the informativeness. The
mean squared error (MSE) is a natural candidate. It does not provide a clear-cut prediction,

but a simulation of MSE is provided in the Appendix.

5 Conclusions

In this study, the effects of fake reviews on rational and credulous consumers are analyzed.
The key assumption is that a high reputation results in a high cost of fake reviews. This
is rationalized by the high reimbursement to reviewers or high demand for the product and
the substantial, authentic feedback crowding-out the fake reviews.

At equilibrium, the amount of fake reviews increases (decreases) as product quality (firm
reputation) increases (improves), which implies difficulties in the empirical analysis of sig-
naling promotion. Stringent censorship reduces the expected amount of fake reviews, while
decreasing the signaling effect and increasing the effective transition speed of the rating.

This leads to a normative result wherein the rating under a less strict filtering policy can
be more informative than the rating under a strict policy or the rating with no fake reviews.
In terms of the weights of new and old information in a rating system where fake reviews exist,
the platform should reduce the weight of new information to maximize the informativeness
of the rating, compared with a rating system that does not have fake reviews. Since fake
reviews effectively attenuate the impact of old information and increase the relative weight
of the new information, the platform should make the necessary adjustments.

The existence of credulous consumers decreases the expected amount of fake reviews
since they are less responsive to the rating without being aware of the positive relationship
between fake reviews and the quality. Moreover, they are vulnerable to fake reviews and pay
more than the true quality in expectation. The model predicts that as long as a positive
amount of the fake reviews is observed, the regulator or the platform can reduce such biased
behaviors by enhancing censorship.

The results emphasize that regulators or platforms would face a trade-off between the

degree of informativeness and the bias caused by fake reviews. As long as the rating is
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considered informative, the incentive to make fake reviews arises.
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A  Proofs

Proof of Theorem [l By M, = p+ \[Y; —v] & \Y; = M, — p+ Av, and the linear strategy
Fy = ab; + fM; + du, the increment of M, is written as

dM, = d(\Y;)
= (—¢ + a\B) Mydt
+ (ada + bg\) O,dt
+ (Qp — AV + a\dp) dt
+ bghaedZ;

Now, we look for a quadratic value function
V:v0+v19+v2M+v392+v4M2+v5«9M (].1)
satisfying the HJB equation:

rV (60, M):sup(l—T)M~q—TM-F—§F2

FeR
— k(0 —p) Vo
+ {aAF +bgh0 — ¢ [M — G+ \Y ]} Viy

2
Oy
2V

+ 5 Vo0

By the first-order condition,

0=—7M — cF + a\Vy
A
s F=-"my+ 2y,
c c

A A A
= a—U59 + (2a—v4 — Z) M + a—UQ
C C C C
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By matching coefficients with F' = af + M + ép,

a\
@ = —7Usy
c
A
p= 2a—U4 .
c c
A
5[L = a—Ug
c
By solving them for vy ’s,
c
= (12)
c T
) = 13
2a\ <6+ c) v (13)
opuc
T 14
a U2 (14)

By the Envelop condition w.r.t. M [IY

rVu=(1-71)qg—7F
— k(0 — ) Vo
Vs
+ {aAF +bg\0 — ¢ [M — o+ M|} Vi

By inserting the derivatives of eq. and equating the coefficients of #, M, and constants
on LHS and RHS,

(r+ @) vs = —Ta — Kkvs + {ala + bgA} 2v,
2(r+¢)va=—7B+ {arB — ¢} 2v4
(r+¢)ve = (1—7)q— 700 + Kpvs + {a\dp + o — pAv} 2vy

16The envelop condition w.r.t. 6 gives conditions characterizing v; and w3, and one characterizing vs,
which coincides with the condition from the envelop condition w.r.t. M.
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Then, inserting eq. to eq ,

(r—i—(b—i—/ﬁ) La= —Toz+{a)\a+bq>\}2—<ﬁ+> (15)
2(7’+¢ ( ):—Tﬁ—i-{a)\ﬁ ¢}2—<ﬁ+ > (16)
(r+¢)a—’;:(1—7) 0= 7o+ K+ {aNop + o — v} 25— (B + ©)

(17)

(aa+bg)og(¢—aB)
((b—aﬁ/\—i-n)mbqag—&—ag(aa+bq)2 ’
a, B, 9, A. In the following, I do so by using an aggregator L = —af so that the stationarity

By combining with the consistency of A\: A = we can characterize

condition is easier to verify. First, by replacing A to —Z in the above four equations,

af
0= _bq(ﬁZjL T) +ar—alfet ) — aBLcn B a@Lc¢ B aicr (18)
0 r— e ry LA T)_ e )
0= M _ Sp(Be+ 1)+ ozﬁz/w 3 BCimb N Bu¢(ﬁ;+ T) ﬁczw” ST T — g
(20)
L 03(L + ¢)(ac + bq) (21)

Caf o2(aa+bg)? + kbqog (k + L+ ¢)

By solving 1’ for 3, we get 3 = —7 (T:;;f L) = B (L). By inserting this into l} and
. . 2 .
solving it for o, we get @ = %q (r+2¢)(f+¢+H+L) = A(L). By plugging f = B (L) and a = A (L)
into (21)), we obtain an equation characterizing L:

L _ 03(L + ¢)(aA (L) + bq)
aB (L)  o5(aA (L) +bq)? + rbqog(k + L+ ¢)

Rearranging it , we get

3L+ @) aA(L) +bg)  —aB(L)
o5(aA (L) +bq)? + kbgog(k + L+¢) L
h(L)

—
|

To evaluate h (L), the sign of L is useful to characterize.

Lemma 6. 5 <0 and L > 0 under the linear stationary Gaussian equilibrium.
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Proof. By the stationarity, we must have ¢ + L > 0. Then,

T r+ 2¢
52‘2(%)
T r 4+ 2¢
T (r+¢+¢+L)

<0

_ b L? _ (aa+bq)oj(¢+L)
Then, o = L ggpiarmny > 0 and A = (Gt L Protog(aatb))® ~ 0. Now, we can

conclude —afA = L > 0. O
Now, it is shown that limy ,oh (L) = oo and limy .o k(L) = 0. Then, combined with

the continuity of h (L), there exist some L such that i (L) = 1. The uniqueness is proved by
checking whether 1’ (L) < 0 holds. It is shown that

W (L) =—hy(L){ho (L) + L* (—K* + 6K¢ + 4r* + 2kr + 17r¢ + 19¢7) }

where hy (L), hy (L) > 0 for all L > 0. Thus, 6x¢ +4r% +2kr+17r¢+ 194 > 2 is sufficient
for b’ (L) < 0 [

Proof of Lemma 2. By plugging « (L) and S (L) in to h, it can be written as h(L) =
at hs ]
¢ L(L+r+26)(hat(o¢ /o0 ) hs)

where hy = (L + ¢)(r +20)*(k + L + 1 + ¢) (L? + L(r +2¢) + (r + 20)(r + 1 + ¢)),
hy = bg (L + L(r +20) + (r + 20)(k + 1 + )%, hs = w(r +20)*(k+ L+ ¢)(r+ L+7+¢)>.
Note that hs, hyg, hs are positive and independent of a and o¢/0p. Thus, h is increasing

in %¢ and decreasing in o¢/0g. Since h' (L) < 0 is shown in the proof of Theorem 1, the

implicit function theorem tells that L is increasing in @ and decreasing in o¢ /oy. Furthermore,
h(L) — oo if L is bounded above and = — oo. Thus, to satisfy the equilibrium condition:
1 = h(L), L goes infinite as ** goes infinite. Similarly, i (L) — 0 if L is bounded away

4T goes infinite to satisfy the equilibrium

from zero and “¢ — 0. Thus, L goes infinite as

condition.

Proof of Proposition 1 and 2. Since E [M,| = FE [E [0,|Y;]] = p, we have E [F}] = E [a0; + M, + o) =
(v + 54 §) u. By expressing «, 3, d as a function of the equilibrium aggregator L, it is writ-
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_ cLq(1—7)(L+r+2¢)—pur?(r243r¢+24°)
ten as E[F] = r (L2 4 L(r+26)+r2+3r¢+247)
i OE[Fy] (r2+3r¢+2¢2)(2L+r+2¢)(cq(l—7)+y7—2)

and the partial derivative with respect to L

S5 =50 = eT(L2+L(r+26)+12+3r¢+242)? > 0.
Since a, o¢, and oy affects E [F;] only through the aggregator L, we can show the effects
of a and Z—: by analyzing the sign of % and %. By Lemma 2, we can conclude E [F}]

increasing in a and decreasing in Z—Z
Since E [F] > 0 for sufficiently large L and L — oo as a — oo, E[F;] > 0 holds for

sufficiently large a. m

Proof of Proposition 3. The equilibrium condition gives o = %q(r . ¢>)(7€f pw—y and f =

—1< r+2¢ ) Furthermore, it is shown that 22 > 0 and 22 > 0. Then, Lemma 2 con-

c \ r+2¢+L oL oL
cludes the proposition. O

Proof of Lemma 3 and 4. An arbitrary strategy «, 3, ¢ satisfying ¢ — af\ (not necessarily
the equilibrium strategy) generates a stationary distribution. Using the vairance-covariance

matrix of the stationary distribution, the informativeness is written as

p2 _ (Cb - aﬁ)\)(aa + bQ)2
(k+ ¢ — aBX) ((ac + bg)? + rbg (¢ /09)” (k + ¢ — aBN))

Thus, the informativeness without fake reviews is

p2 _ ¢(bQ>2
(5 + @) ((bq)? + Kbq (0¢/00)* (K + @)

.On the other hand, at the equilibrium, —aS\ can be replaced to L, and a« is written as a

bg (T+2¢)(£¢+H+L) such that aac = 0 when L = 0. Note that a does not

appear in the RHS, so the direct and indirect effects of @ on a -« are all captured by L. Now

function in L: aa =

the equilibrium informativeness is written as:

(¢ + L)(ac + bg)*
(k+ ¢+ L) ((ac + bq)? + kbg (0¢/09)* (K + ¢ + L))

p2 (L7 ¢7 KR, O¢, 09) =

Note that p? (0; ¢, K, 0¢, 05) = o(ba)* coincides with the informativeness
P09,k 06, 00) = 03 ((bay>+sba(oe/o0) " (+9))
without fake reviews. This concludes Lemma 4. O
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Proof of Proposition 5. The first part is proved by the limit as L — oo:

gl_{n p2 (La ¢7 K, O¢, 09)
. (p+ L) (ac + bq)?

Lo (k4 ¢+ L) ((aa +bg)? + wbg (0¢/09)° (k + ¢ + L))
=1

The second part comes from the derivative of p? with respect to L around zero. ]

Proof of Proposition 6. The optimal ¢ without fake reviews is characterized by % 0% (0; ¢, Kk, o¢, 09) =

0, which yields ¢° = \/ bq (oq/ 05)2 + k2 as the optimal level. On the other hand, the effect
of ¢ at the equilibrium is

dp? 0 . 0 dL
d_¢ a¢ (L7 (ba K, O¢, 09) + 8L’0 ( ¢ R, O¢, O'g) d¢
0 0 Oh ,Oh

:%p (L7 d)) R, O¢, 09)_8_LP ( ¢7'L€ O¢, 09) a(b 6’L

. ) . 2
By evaluating this at ¢ = ¢°, we obtain %| s=g0 < 0.
The second part is proved by two inequalities: p? (0; ¢°, k, o¢, 09) < p* (L (¢°); ¢°, K, 0¢, 09) <
p* (L (¢*); ¢*, K, o¢, o). The first inequality is proved as follows. For any L > 0,

p2 (La ¢07 Kk, O¢, 09) - P2 (07 ¢07 Kk, O¢, 0-9)
=T g1t g2

where ¢ is polynomial in r and L and g > 0 is polynomial in L and does not depend on r.
Since L — C' for some C' > 0 as r — 0, r - g; + g2 converges to a positive number. Thus, for

sufficiently small r, the first inequality holds. The second inequality holds by definition. []

Proof of Proposition 7. Similarly to Proposition 6, the total effect of o¢/oy is written as

dp*>  _ d 2(7. . oh

d(agp/;e) = Beson’ (L; ¢, Kk, 0¢, 09) — ﬁp 2(L; ¢, K, o, 09) 05/09 / It is shown that
dp

Aoefoq) < 0. [
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Proof of Theorem 2. Now, we look for a quadratic value function
V =0y + 010 + 05Y + 0360° + 0,Y? + 050 (22)
satisfying the HJB equation:

rV (6, Y):s.mp(l—r)p~q—7p-F—EF2
FeR 2

— k(0 —p) Vo
+ (aF + bgb — 6Y) Vi
2
+%V90
bqag
2
st.p=p— <7})\+(1—n)5\)Y—i—(m\y—i—(l—n);\D)

+ VYY

The first order condition and gives

ac
- 2
s = (23)
Be + AT
= 24
v 2a (24)
vy — cop + put — Avt (25)

a

where \ = (77)\ +(1—n) 5\> and \v = <77)\1/ +(1—n) XD), and the envelop condition gives

0 = AaT — 2aawy — 2bqus + rv5 + Kvs + Vs (26)
0= —2afvy + ﬁj\T + 2rvy + 4v40 (27)
0 = —2aduvy + (5/15@ + 5\(]7‘ — 5\q + 1V — KUUs + V20 (28)

By inserting eq. into 1) and solving it for A and by letting L = af3, we obtain

cL(L+1+29¢)
at(r + 2¢)

A= = \(L)
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On the other hand, the stochastic differential equation for (6, Y) gives

bqos(L + ¢) (A (L) + 1)

= 2 2 =A (L>

o5 (bgA (L) +bq)” + kbqoi(k + L + )

; bog¢

A= =A
o3 (bg)® + Kkbqo (kK + ¢) (©)

Then, by rearranging
A= <17)\+( —n)5\>
PO D)
A(L)

Note that limy o h (L;n) = oo and limy_,o A (L;n) = 0. Then, Ay (L;n) < 0 holds for any
n € [0, 1] as long as hy, (L;1) < 0. O

Proof of Proposition 8. Since A (0) < A(L) for any L > 0, we have h(L;n) < h(L;1) for
any 1 € [0, 1]. Thus, the equilibrium L will be smaller given 7 < 1 than the equilibrium L
given n = 1.

The expected amount of the fake reviews is
EF]=ap+ pr+op

By plugging the equilibrium conditions and taking derivative with respect to L, we can show
S E[F] > 0. O

Proof of Proposition 9. At the equilibrium, % > 0 always holds and % > 0 holds if

bias > 0. ]

B An interpretation of the pricing rule

this pricing rule as a result of competition among heterogeneous consumers, to which we
can easily introduce a mixture of rational and naive consumers in the next section. Suppose
that consumer i € [0, n] feels u;; = 0; + ¢;; — p; if the consumer buy the product, and 0
otherwise, where ¢;; is identically and independently distributed. Then, given the rating

shown on the platform, Y;, the consumer will choose to purchase the product if and only if
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E[0:|Y:] + €1; — pe > 0. Therefore, the demand function is expressed as n- (1 — F (p — M;))
where F'(-) is a c.d.f. of the random variable ¢;;. By letting n = 2¢ and assuming that €,

is distributed symmetrically around zero. We obtain p; = M; as the market clearing price.

C An Alternative Model with Changing ¢

The same results with the base line model can be generated with a slightly different specifi-
cation of the model with the quantity level dependent on the reputation level.

Now, suppose that the seller sells ¢; units of the product at a fixed price of p, and makes
F; units of fake reviews. The quality of the product is denoted as 6;. A sufficiently large
mass of consumers forms a belief on the quality E[6;|Y;] = M; and the demand function
based on that. Since the price is fixed, high reputation results in large quantity: ¢, = M;.

The quality 6; evolves in the same way as the main model. The new information as
aF,dt + by, <6tdt + Jgde) (29)

The difference from the main model is that the quantity varies over time and the coefficient
of de is now defined as bgo¢ instead of \/bgo¢. In this specification, we can analyze the
effect of the organic reviews crowding out the fake reviews, but not the effect of the large
transaction generating intrinsically more precise information by the large sample.

The seller’s instantaneous payoff is defined as:

m=0-7)pg+F)—p F—= (5)2

where 7 is transaction fees imposed by the platform. The specification of the quadratic cost
is now different from the base line model: the seller needs to pay a large cost if the seller
tries to increase the share of the fake reviews among the all the reviews. The revenue and

the reimbursement cost is still the same as the baseline model.

¢ (F\°
Wt:(l—T)pqt—Tp'Ft——<—t)

2\ q
Ft C Ft 2
=(1—7)pM, —7p- M~ — = [ L
( 7)pMy — Tp tMt 2<Mt)

By changing the choice variable of the seller from F} to %, which is the combination of the

original variable and a constant at time ¢, we can write the instantaneous profit isomorphic
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to one in the baseline model. To simplify the analysis, we assume that the platform use an

average information at time t to update the ratings:

a F,
d¢ = gﬁidt + 0udt + o¢dZf (30)

The model is then isomorphic to the baseline model, so generates the same results as

those from the baseline model.

D Simulation Results

D.1 Mixture of the Rational and Naive Consumers

In the main part, the correlation of the rating with the underlying true quality for rational
consumers, and the bias for the naive consumers are examined. There is a trade-off of the
correlation and the bias. Then, natural questions are (i) how to integrate such indices into
one objective function, and (ii) how it changes as the market’s rationality changes from
totally naive to totally rational. In this section, we suggest a mean squared error of the
price since the price is considered as the whole market’s prediction about the underlying
quality. The minimization of the mean squared errors minimizes the customers’ ex post
regret on average, so increases the value-added of the platform, and attracts the customers

in long-run.

D.1.1 Mean Squared Error

The mean squared errors of the price is defined and written with the equilibrium variables

as follows:
MSE, = E [(p — 6,)°]
_ g [(n{u+w—v1}+<1—"> {ne - ‘Qﬂ

= Var () {(M +(1—n) A)2 -2 (M +(1—n) X) A} + (1 —1)* Bias® + Var (6;)
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Note that, when n = 1, minimization of MSE is reduced to maximization of the correlation
of the rating Y; and 6;:

MSE, = —X*Var (Y;) + Var (6;)

B _ Cov (Y3, 0,)° Var (Y;)
= Var (Ht) {1 Var (}/;)2 Var (‘975) }

=Var (6,) {1 - p*}

For different levels of n, we calculate the correlation of Y and € as a criteria for the rational
consumers, the bias as a criteria for naive consumers, and the mean squared error as a
criteria for the whole market. See fig.5 for the simulation results. The correlation of the
rating with the underlying quality show the similar pattern regardless of the level of n, while
it is scaled up as the rationality increases. So does the bias the naive consumers faces. This
is consistent with Proposition[9] As the market becomes more rational, the consumers takes
the signaling effect of the seller’s fake reviews (a > 0), so the market becomes more sensitive
to the rating. Then, the seller will have more incentive to make fake reviews, resulting
in more bias for naive consumers. At the same time, the signaling effect (o > 0) is also
enhanced by this increased manipulation by the seller. Therefore, the rating becomes more
informative for rational consumers. Roughly speaking, the mean squared error integrates
the correlation and the bias into one. As the ratio of the rational consumers increases, the
correlation becomes more important. As the ratio of the naive consumers increases, the bias
comes more important. Fig. 5 exhibits this. For n = 0, 0.3333, 0.6666, the MSE shows the
similar pattern as the bias, while the MSE shows the similar pattern as the correlation for
n = 0.9999. Given other parameters used in the simulation, the bias is the dominant force
in MSE for most of 1. This results depends on the parameter setting, so is ultimately an
empirical question, but suggests that decreasing the bias is more important than increasing

the informativeness for rational consumers.
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Optimal tariff policies with emission taxes under non-restrictive two-part

licensing strategies by a foreign eco-competitor
Seung-Leul Kim” and Sang-Ho Lee'

Abstract

This paper investigates eco-technology licensing strategy by a foreign innovator that constructs
two-part licensing contract when it competes with a polluting domestic firm in the home
country. In particular, we consider and compare the two-part licensing contracts with and
without non-negative constraints, and find that the foreign eco-innovator strategically might
choose either negative royalty or negative fixed fee, depending on the levels of emission tax
and tariff. We then examine the government’s optimal trade policies under the emission tax and
show that non-restrictive two-part licensing contract is better off to the domestic welfare than
that with restrictive licensing contract. Finally, we show that the optimal tariff policy under the
two-part licensing has a negative relation with emission taxes, but the tariff under the non-

restrictive licensing is a higher than that under the restrictive licensing.
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1. Introduction

During the last generation, technology innovation and free trade stance have drastically
expanded the volume of international trade and globalization all over the world. Owing to the
liberalization and deregulation of economic activities, however, the scope and nature of trade
and environmental problems have also been diversified without being limited to a specific

region or country.
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As the environmental problems such as climate change are restricted by greenhouse gas (GHG)
reduction plans and other environmental regulations in the world. The GHG reduction plans
are primarily focused on industrial R&D activities aimed at reducing emission levels. Many
countries and companies are eager to develop eco-friendly technologies and products to reach
near-zero emissions. International organizations and research institutions are also emphasizing
the importance of the eco-technology industry to reduce global pollution emissions.

Meanwhile, many countries are strengthening the introduction of technology barriers to trade
(TBT) as one of their trade protection policies. The industrial regulations and policies on
environmental technology have become an international issue. In the rapidly changing global
economy, the combined policy of trade and environmental issues caused by such globalization
is one of the most important economic growth policies.

The interaction between trade policy and environmental regulation has been studied in the
academic literature. The early studies focused on the interest of government revenue in how to
adjust tariffs and emissions taxes to improve welfare. (see Copeland, 1994; Gulati and Roy,
2008; Hatzipanayotou, 2009). Recent works examined the optimal policies and showed that
trade liberalization results in less-stringent environmental regulations, which suggests that
policies regulating trade and the environment are positively correlated. Tsai et al. (2014),
however, showed that positive relationship between tariffs and environmental taxes may not be
applicable under the eco-technology which can fully abate pollution through ER&D. When
both environmental taxes and tariffs are employed, Chao et al. (2012) also showed that welfare
is maximized with the first-best optimal policy which is free trade and a Pigouvian tax on
consumption-based pollution.

One the other hand, one of the most important global phenomena is the significant increase
in the volume and value of patent licensing in recent years. (see Zuniga and Guellec, 2009).
Patent licensing is an important policy issue for improving social welfare as well as protecting
the interests of innovators because patents can provide incentives for effective R&D to develop
new products or technological innovations. For example, Kabiraj and Marjit (2003) and
Mukherjee and Tsai (2013) examined the effect of tariff or subsidy/tax policies on technology
licensing decision and showed that innovators license to domestic licensees in the presence of

optimal policies. Kabiraj and Kabiraj,(2017) also showed that the government can impose a



positive tariff on importing goods under the two-part licensing contracts, which can induce
fixed fee licensing of the foreign licensor and maximize domestic welfare.

This study intends to research eco-technology licensing under trade and environmental policy
and examines the relationship between tariffs and emission taxes under the licensing strategies
of eco-technology. In particular, we investigate strategic two-part licensing contracts by a
foreign innovator, which competes with a polluting domestic firm in the home country. We also
examine policy relations between tariffs and emission taxes facing when the government
coordinate the optimal policy with the introduction of eco-technology. Intuitively, a licensing
contract increases the production cost of domestic firms while a tariff policy raises the cost of
foreign firms. Also, as the increase in emission tax, domestic firms decrease to produce output,
but foreign firms produce more outputs and receive more licensing fee. As a result, social
welfare depends not only on the effect of reducing pollution damage but on the effect of
extracting profit to the foreign firm.

In particular, in the presence of environmental regulation and trade policy, we examine two-
part licensing contracts by a foreign eco-competitor and compare both restrictive contract with
non-negative constraint and non-restrictive contract without non-negative constraint. " We
then find how the polluting domestic firm may purchase a license of eco-technology from the
foreign firm with response to tariff and emission tax. We show that the foreign eco-innovator
strategically might choose either negative royalty or negative fixed fee, depending on the levels
of emission tax and tariff. We then examine the government’s optimal trade policies under the
emission tax and show that non-restrictive two-part licensing contract is better off to the
domestic welfare than that with restrictive licensing contract. We also show that the optimal
tariff policy under the two-part licensing has a negative relation with emission taxes, but the
tariff under the non-restrictive licensing is a higher than that under the restrictive licensing.
Finally, we show that the market equilibrium might yield welfare loss for some ranges of trade
policy and environmental regulation under the both restrictive and non-restrictive contracts.

The remainder of this paper is organized as follows. In section 2, we provide a literature
review. We provide the basic model in section 3. We examine no licensing case in section 4

while construct the two-part licensing contracts with a restrictive case in section 5 and with

T Kabiraj and Kabiraj (2017) and Yang et al. (2020) constrained their analysis into the case of non-negative
royalty and fixed fee, while Lia and Sen (2005) and Hattori and Tanaka (2018) considered negative royalty and
showed that a subsidized royalty can be an equilibrium strategy of the inside innovator.
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non-restrictive case in section 6, respectively. In section 7, we compare the equilibrium
outcomes under both the restrictive and the non-restrictive two-part licensing contracts. In
section 8, we discuss welfare consequences of the optimal two-part licensing contracts and

explain the interaction between two policy instruments. The final section provides a conclusion.

2. Literature Review

The theoretical literature in patent licensing, the innovators can give a license to licensees by
means of different licensing contracts such as royalty, fixed-fee licensing, auctioning, two-part
tariff licensing and so on. However, with respect to empirical evidence on licensing contracts,
it reveals that most of the contracts include a positive royalty and the combinations of up-front
fees and royalties. For example, Rostoker (1984) surveyed that two-part tariff licensing
(including royalty plus fixed fee) was used 46%, royalty alone 39%, and fixed fee alone 13%
among 37 corporations in manufacturing industry. Bousquet et al. (1998) show using French
data that in a sample of 278 contracts, 225 (82%) includes royalties of which 216 (96%) are ad
valorem. Vishwasrao (2007) also shows that patent licensors are empirically more likely to ask
for royalties when sales are relatively high and involatile but profits are low.

Early work shows that with outside innovation, fixed fee policy is superior to royalty (or
auction) policy in perfect competition (Kamien and Tauman, 1984; Katz and Shapiro, 1985),
homogenous oligopoly model (Kamien and Tauman,1986; Katz and Shapiro, 1986; Kamien et
al., 1992), asymmetric Cournot industry (Stamatopoulos and Tauman, 2009), eco-industry
(Kim and Lee, 2014). But, there are still debates on these results since royalty is preferred to
fixed-fee in Bertrand model (Muto, 1993), product differentiation model (Poddar and Sinha,
2004, Bagchi and Mukherjee, 2010), open economy (Mukherjee, 2007), and dynamic
frameworks (Saracho, 2011). Others have also focused on patent licensing about internal
innovation. They show that royalty licensing is preferred to fixed-fee licensing in a Cournot
duopoly with a homogeneous good (Wang, 1998), a differentiated Bertrand duopoly (Wang &
Yang, 1999), incumbent innovators in a homogeneous Cournot oligopoly (Kamien & Tauman,
2002), and a leadership structure (Kabiraj, 2005). However, Wang (2002) shows that fixed-fee
licensing is preferred to royalty licensing for an internal patentee with a heterogeneous duopoly

if the product differentiation is sufficiently large.



While previous literature mainly deals with royalty and fixed-fee licensing, recent researches
in industrial economics have focused on two-part licensing, basically consisting of a fixed fee
plus a per-unit royalty. Erutku and Richelle (2007) also show that an outside innovator always
prefers a fixed-fee plus a royalty contract, which gives profit a monopoly endowed with the
innovation but can reduce social welfare. Sen and Tauman (2007) show that licensing for a cost
reduction innovation under combinations of upfront fees (auctioning fee) and royalties
unambiguously leads to improvement of social welfare in a homogenous oligopoly. Fauli-Oller
et al. (2012) point out that the innovation is licensed to all firms under two-part tariff, regardless
of the number of firms, the degree of product differentiation and the type of patentee. Moreover,
two-part tariff licensing can be developed by ad valorem royalties with a fee (Hernandez-
Murillo and Liobet, 2006; Martin and Saracho, 2015), unionized labor market (Mukherjee,
2010), leadership duopoly model with product differentiation (Li and Yanagawa, 2011), and
homogeneous oligopoly market in the presence of tax and subsidy policy (Mukererjee and Tsai,
2013).

Theoretical literature has also analyzed the relationship between market structure and
regulatory policy in order to compare the efficiencies of two-part licensing. With inside
innovation, many studies analyze the two-part licensing in the differentiated Cournot and
Bertrand duopolies (Mukherjee and Balasubramanian, 2001; Fauli-Oller and Sandonis, 2002) ,
in Cournot duopoly with homogenous goods (Martin and Saracho, 2010), in a differentiated
Cournot duopoly with ad valorem and unit royalty (Martin and Saracho, 2015), in
environmental patent technology (Kim and Lee, 2016).

There are also some studies of trade policy with licensing. Kabiraj and Marjit (2003) and
Mukherjee and Pennings (2006) show that the role of government in technology licensing
under an open economy. In such an economy, tariff policy induces fee licensing than royalty
licensing with consideration of maximizing domestic welfare. Meanwhile, Wang et. al (2012)
examine the relation of strategic trade policy and welfare with consumer-friendly initiative of
foreign exporting firm. Recent work shows that with two-part licensing of cost-reducing
technology, a tariff can be chosen to induce fee licensing and maximize both consumers’
surplus and domestic welfare in an international duopolistic model (Kabiraj and Kabiraj, 2017),
foreign Stackelberg leadership model (Yang et al., 2020). Our model is close to these works

wherein the government imposes a positive tariff on importing goods under two-part licensing.
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We analyze the total effect of two policy instruments which are tariff and emission tax with
eco-technology. We also extend the assumption of a restrictive two-part licensing into a non-

restrictive case in which either a negative royalty or a negative fixed-fee is possible.

3. Model

Consider a Cournot duopoly where a domestic firm and a foreign firm compete in a domestic
market with homogenous products that might emit pollutants. The inverse demand function in

the domestic market is given by P=A-Q, where Q=q, +q, denotes market outputs and

0, and (; are the outputs of the domestic and foreign firms, respectively. We assume that

both firms have the same constant marginal cost, C.

While the domestic firm emits pollutants, the foreign firm is an eco-firm and has a patent of
environmentally clean technology, i.e., zero-pollution eco-technology that produces no
emission, for simplicity. The foreign firm can consider a technology licensing strategy where
it can license its eco-technology to its rival firm by offering licensing contract of two-part
scheme consisting of per-unit royalty and fixed-fee. If the domestic firm adopts the licensing
contract, the licensed domestic firm can also reduce pollution (and expenditure on emission tax

if the government imposes emission tax) while the non-licensed domestic firm will continue to
emit pollution where its emission function is defined as E =q .
We denote environmental damage as D(E) = dE, which is constant to the total emission level.

The social welfare function will be defined as the sum of consumer surplus, domestic firm’s
profit and government total revenue minus environmental damage. We assume that the
government maximizes domestic welfare and imposes an emission tax at the rate of 7 (>0) on
domestic firm. Further, the government can impose an import tariff at the rate of 7 (>0) on

foreign products. We assume that 0<t<(a-c+t)/2 to assure the interior solutions in the

analysis.

We examine two-part licensing contracts by the foreign licensor but compare the two cases: (1)
restrictive scheme with non-negative constraints on per-unit royalty and fixed-fee, and (i1) non-
restrictive scheme without non-negative constraints. We then examine the optimal government

policies between emission tax and tariff.



The timing of the game is as follows. In the first stage, for given emission tax and tariff, the
foreign firm announces the provision of eco-technology and decides a per-unit royalty and a
fixed-fee. In the second stage, given the two-part licensing contract, the domestic firm decide

whether to purchase a license. Finally, each domestic and foreign firm chooses output levels

g, and (; ina Cournot-fashion in the last stage. The sub-game perfect Nash equilibrium will

be divided by backward induction.
4. No licensing case

Under no licensing, a foreign firm faces an import tariff while a domestic firm faces an emission
tax in the output competition. The profit functions of a domestic firm and a foreign firm are as

follows, respectively:
7y =P(Q)ay —cuy ~tgg and 7 =P(Q)qy —caf —zqy (1)
Then, the equilibrium quantities of the firms are as follows:

a-c—-2t+r a-c+t-2r
gy =225 and gy =2

where N denotes the equilibrium under no licensing. It shows that the relative size between ¢

(2)

. . - . > . > .
and z determines the production and profitability. Thatis, g} —q} if z—t.For non-negative
< <

quantities of both firms at equilibrium, we will assume the followings:

max[0,2t+c—a]£r<a_Cth (3)
2
a—c+t

Let us define 7, = and 7, =2t+c—a. Then, the domestic firm will act as a

monopolist if the tariff is prohibitive, i.e., 7 =7, , while the foreign firm will act as a

.. .. . . . a+7—-C
monopolist. if the emission tax is very high, i.e., t> % (or 7<max[0, z,,]).

The corresponding profits of the firms and the welfare are as follows:

2 2
ﬂdN:(a—c—ZHr] and ﬂfN:(a—cH—er @)
3 3



w :jOQ P(u)du —cq, +7q, —dE

1 ) ) (5)
=g[2(a—c) ~2d(a+7-2t-c)+2z(a+t—c)-t(2a—-2c+t)—-3r’ |

5. Restrictive two-part licensing case with r >0 and f >0

We will consider two-part licensing contract T(r, f) where r is a per-unit royalty and fis a

fixed-fee. Note that we impose a non-negativity constraint of the royalty and fee. The profit

functions of a foreign firm and a licensed domestic firm are as follows, respectively:
”J =P(Q)q, —cgy —rgy — f and ”I =P(Q)q; —cd; —7q; +rq, + f (6)
The equilibrium quantities of the firms are as follows:

T a—C—2I’+T

q 7 _a-c+r-2r
i 3

and Q 3 (7)

where T denotes the equilibrium under two-part licensing. Then, it shows that the relative cost

. . . e . >
relation between r and 7 determines the efficiency of the firm and profitability. Thatis, qj =}
<

. > . . . . .
if 7—r . It is noteworthy that the foreign firm can strategically manipulate the royalty in order
<

to increase (decrease) the output of licensee, which yields asymmetric cost between the firms,
and then impose a fixed-fee to retrieve the increased profit of the domestic firm into its profit.
The corresponding profits of the firms become as follows:

T (a—c—2r+r

Ty = 3

? a-c+r-2r
j —f and ﬂI:(—

2
3 ] +rq, + f (8)

where r>0 and f >0.In order to make a contract agreeable to the domestic firm, the fixed-
fee should be equal to the profit difference between accepting and rejecting the licensing offer,
ie., n;-n) =0 at equilibrium. It implies that the contract should ensure the incentive

compatibility of the licensed domestic firm between licensed case and non-licensed case. Then,

we have the following relations between the fixed-fee and royalty:



f(r):g(r—t)(r+c+t—a—r) 9

Note that the relation between the fixed-fee and royalty is non-monotone and U-shape, i.e., as
the royalty increases, the fixed-fee decreases first and then increases later, given the policy

2

parameters. © Then, given this constraint in (9), the foreign firm will determine the royalty to

maximize the equilibrium profit function in (8):
max (%“ZTT +rgl + £(r) st f(r) in(9) (10)
From the first-order condition, we have the following optimal royalty:
r=sr=———— (11)

Note that r" is decreasing in 7. Note also that with a non-negative constraint on I, the

(a-c)

optimal royalty should be positive, i.e., r>0 if 7< . Then, we can construct the

optimal fixed-fee f  as follows:

)= (br—a+2t+c)(a—-2t—c+77)

f = f(r
( 9

(12)
Note that the changes of f” have the positive relation between 7 and t.3

Let us define 7z° as a royalty level with zero fixed fee, which satisfies f =0,and 77 asa
yalty

fixed fee level with zero royalty, which satisfies r" =0.

TR:L_Zt and TF:E (13)
5
2 . 2
2 Ttis easy to check 0 fgr)>0 and if ria+r C,then af(I’)EO.Also,wehavea f(r)<0.
or < 2 or > or ot
2% 2% 2¢%
3 We have sz <0 ,%>0 , and of >0.
ot or or
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Also note that 7" can be positive (if t < (a;C) ) or negative (if t> (a;C) ) while 77 is

always positive. Then, Fig. 1 provides the relations of the findings where 7z* and " are the
boundaries of duopolistic competition. That is, if the tariff is very high (7 = 7 ), only domestic
firm exists in the market while if emission tax is very high(z <r,, ), only foreign firm exists in

the market.
Thus, with a non-negative constraint on royalty and fee, the following proposition then defines

the optimal licensing contracts.

Proposition 1. With a non-negative constraint on royalty and fixed-fee, the optimal two-part

licensing is following as

(@ r'=t, f'=0 if r<22¢=2
5
(b) r*=a_C_5T, f(r*)z(57—a+2t+c)(a—2t—c+7r) i a—c—2t<TSa—c’
2 9 5 5
(© r'=0, f(o)=2Err=t=0) r>%.

This proposition 1 implies that optimal royalty depends on levels of tariff and emission tax and
it affects to determine the fixed-fee. Fig. 1 provides the optimal contracts, which are described
by R(royalty) or T(two-part tariff), or F(fixed-fee). Then, it states that we can have either (1)
royalty only (case a) or (ii) fixed fee only (case c). Otherwise, two-part licensing contracts have

positive royalty and fixed fee (case b). In particular, if tariff and emission tax are lower levels,
only royalty is optimal contract, r >0. If those are moderate, two-part tariff licensing
contract is optimal, r >0 and f(r’)>0. But, if tariff level is high enough, fixed-fee

licensing is only optimal.
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Fig. 1. Optimal licensing strategies of foreign firm with restriction r and f

Next, putting r* and f” into the profits of both firms in (8), we have the following profits

under the optimal licensing contracts.

Under royalty licensing, the profits of the domestic firm and the foreign firm are as follows:

(14)

— —_ 2 _ _ _ 2_ _ 2
ﬂ;:(%ﬁ“j and 7t - A-O@-C5t 94¢)+4T tr -5t

Under pure fixed-fee licensing, the profit of a licensed domestic firm and a foreign firm are

as follows:
2 2 2
z :(a c 32t+r} and 7f = (a-c)(a—c+4t :-T)+4(T t° +7t) (15)

Under two-part tariff licensing, the profit of a licensed domestic firm and a foreign firm are

as follows:

(16)

—C — 2 _ _ _ 2 A

ﬂ;=(§—li—gttzjand o - (8=0)(6a-5¢-260) +41¢” +16t(a—c -t +7)
3 36

Note that the profit of domestic firm is the same under no licensing, i.e., 7y =7, =75 =x;,

but the domestic firm will accept the offered license by a foreign firm. This is because the
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foreign firm can construct two-part licensing contracts by taking the incentive compatibility
constraint of the domestic firm and thus it can offer a favorable (discounted) contract to the

domestic firm. On the other hand, we have the following relation that a foreign innovator has
incentive to sell a license to domestic firm through all types of licensing: z{ >z}, =z} >z}
and 7] >z} forany z and t.

Finally, we compare welfare functions under the two-part tariff licensing strategies in order
to provide policy implications with regard to tariff policy and emission taxation. Under two-

part licensing, the social welfare function can be defined by
Q
wt ZIO P(u)du—cq, — pq; +7zq; —rq, — f

The resulting welfare from a licensing strategy with r and f is as follows, respectively:

WR =WR{r", f :O}:%[2(a—c)(a—c—2t+r)+3(t2 -] (17)
WF W {r =0, f(O)}=%[6(a—c)(a—c+r)—8t(a+r—c—t)—912] (18)
W™ =WT{r", f(r*)}z%[ﬂ(a—c)z +70r(a—c)-32t(a+r—-c—t)-91s” | (19)

In order to focus on the welfare effect of the tariff, we suppose that t=d where emission

tax is based on the Pigouvian level in the below analysis.

Proposition 2. In the case that t=d , we have (i) W*=W"  (ii)) W' >W" | and (iii)

4(a—c)-t

> . <« * .
WFZWYif 7—=7, where 7, = satisfies WF =wW".
>

<

Two-part licensing with a restrictive constraint (r" >0 and f(r')>0) always improve

welfare while royalty licensing with " >0 cannot improve welfare as compared with non-

licensing. However, fixed-fee licensing with f(0) >0 can increase(decrease) welfare when
r <7, (r >1,). Thus, fixed-fee licensing may yield welfare losses with optimal choices of the

domestic firm. Generally, increasing tariff affects to increase a domestic firm’s profits and to

4 We consider a Pigouvian tax on pollution damage level in the same as Chao et al. (2012) in order to focus on
tariff effect. That is, we assumed that emission tax is exactly same with damage level.
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decrease a foreign firm’s profits. However, with existence of licensing strategy by a foreign
innovator in domestic market competition, the domestic firm pay more fee to the foreign firm
with increasing fee which is induced by either increasing emission tax or increasing tariff. To
protect domestic industry by increasing tariff, it is rather than decreasing welfare by inducing
lower output and higher price. Fig. 2 shows that the optimal choices of the domestic firm are
not always socially desirable with response to tariff and emission tax expenditures under fixed-

fee licensing. That is, there exists welfare losses. Comparing the welfares between fixed-fee

licensing and non- licensing, we have W" <W" in shaded areas in Fig. 2, in which non-

licensing can induce higher welfare.

Ty

1
1
1
1
i
1
1
1
1
a—c Welfare Loss '
N B :
a—c | . TT=== I_v :
e oo
3 1
a-—c !
R 1
5 1
1
o, '
_____ |

0 3(.:;'I—C} .:;'—Ie: 3(.::'_;:} I_c.

10 2

a
1(d)
Fig. 2. Welfare losses and optimal tariff with restrictionon r and f

In the previous analysis, we have found that the optimal decision of between a domestic firm
and a foreign firm on two-part licensing depends on the level of tariffs and emission taxes.
Therefore, under the strategic relationship among licensing contract, tariffs, and emission taxes,
we will examine optimal tariff schedules and provide policy implications on the licensing

strategies of eco-technology.
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Proposition 3. The optimal tariff schedules of each licensing are following as

(1) Royalty licensing: = % where 0<t< % ,
(i) Two-part tariff licensing: =" ~ %= where 0<t< 3@=c)
(iii) Fixed-fee licensing: 7/ =w where 0<t<3@=9)
’Z'ZF :ﬂ where Mgt<@, and
T, =7 =2t+Cc—a where 3(a5—c) <t<(a-c).

Fig. 2 shows that optimal tariff schedules bolded line 7° where S=R,F,T (R: Royalty
licensing, F: Fixed-fee Licensing, and T: Two-part tariff licensing). Under royalty licensing,
when emission tax increases, the royalty increases and the outflow of profits to foreign firm
increases, so the domestic welfare decreases. Therefore, tariffs must be levied as much as
possible to offset this. Therefore, under royalty licensing, the optimal tariff has a negative
relationship with the environmental tax. On the other hand, under two-part tariff licensing, the
increase in emission tax reduces royalty and increases fee as much as the decrease of royalty,
so for domestic welfare tariffs should be closely imposed to 7°. Finally, under fixed-fee
licensing, as the increase in emission tax, the optimal tariff first falls then constant and finally
increases. In the areas where tariffs are relatively low, raising the environmental tax will
increase the cost burden on a domestic firm and raising the tariff will also increase the amount

of adjustments to be paid, so it is necessary to gradually reduce the tariff.

Lemma 1. Under optimal tax schedules, W™ >W™ >WF®".

This lemma 1 states that welfare is maximized with optimal tariff under fixed-fee licensing

which is higher than either that of royalty or two-part tariff licensing. This confirms a general

14



finding that firm’s profit is higher under two-part tariff licensing, while social welfare is greater

under fixed-fee licensing

Proposition 4. Under restrictive two-part licensing, the overall optimal tariff schedules by 7~

are as follows:

Fif 0<t<3B=0)
10
T =117, if —3(a_c)st<—3(a_c)
10

u If @gk(a—c)

This proposition 4 implies that the optimal tariff rates should be chosen 7~ which induce
fixed fee licensing to obtain maximizing the overall welfare. Fig. 2 shows the overall optimal
tariff by heavy line. As the increase in emission tax, the optimal tariff first falls then constant
and finally increases. There is a trade-off between reducing damaging effect and rent-leaking
effect. Thus, if the government plans to make tighter emission tax policy, then he should lower
the tariff to obtain maximizing welfare. Therefore, when both environmental taxes and tariffs

are employed, these two policies may be strategic substitutes. ®

> >
6. Non-restrictive two-part licensing case with r—0 and f -0
< <

Until now, we have analyzed two-part tariff licensing strategies with non-negative royalty and
fixed-fee. However, it is possible for the patentee to consider the combination of a negative
royalty and a negative fixed fee under two-part tariff licensing. Liao and Sen (2005) introduced
subsidy in licensing with combinations if upfront fee and negative royalty. Therefore, in this

section, we consider two-part licensing contract without a non-negative constraint on r and

> For example, Kabiraj and Kabiraj, (2017) showed that the government can impose a tariff under the two-part
licensing contracts and induce fixed fee licensing of the foreign licensor to maximize domestic welfare. However,
Mukherjee and Tsai (2014) showed that both firms and society may prefer two-part tariff licensing contract under
costly technology transfer when the quality of licensed technology is endogenously chosen.

6 Tsai et al. (2014) also showed that a relationship between tariffs and environmental taxes may be negative
under the eco-technology when the government employs both policies.
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f . Then, from same profit maximization problems for the foreign eco-innovated firm, we have

the same optimal royalty as (11):

. a—-c-b57
fF =r=————
2

(11)
Here, the difference of the previous analysis is that the optimal royalty can be positive or

>(a-c)
<

negative, i.e., I 20 if ¢ . Then, we also have the same optimal fixed-fee f  in (12)
<

which can be even negative. Thus, we have the same with 7% and 7" in (13). Then, Fig. 3

provides the relations of the findings where 7" and 7" are the boundaries of duopolistic

competition.
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Fig. 3. Optimal licensing strategies of foreign firm with non-restrictionon r and f

Proposition 5. Foreign eco-innovated firm’s optimal two-part licensing schemes without non-

negativity constraints are as follows:

(@ r=t, f'=0 if r=7",
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4t{6(a—c) — 5t}

(b) r'=0, f(0)= if 7=1%,

45
© r*=a_C_5T>O, f(r*)z(5f—a+2t+c)(a—2t—c+7r)<0 it 7<2®,
2 9
(@ r*=a_C_57<0, 1:(r*):(5r—a+2t+c)(a—2t—c+7r)>0 if 751",

9

©) r*=—a“’2‘5f>o, F(r') =

(br—a+2t+c)(a-2t—-c+77) 0
9

if R<r<zh.

Proposition 5 provides the optimal contracts, which are described by R(royalty) or T(two-part
tariff), or F(fixed-fee). Then, it states that we can have either (i) royalty only (case a) or (ii)
fixed fee only (case b). Further, we also have either (i) two-part licensing with negative royalty
(case d) or (i1) two-part licensing with negative fixed fee (case c). Otherwise, two-part licensing
contracts have positive royalty and fixed fee (case e).

Proposition 5 also implies that optimal licensing strategies depend on levels of tariff and
emission tax. In particular, if tariff is moderate between 7" <7 <7" , the two-part licensing
contract with positive royalty and fixed fee is optimal. Otherwise, non-negative constraints are
essential to construct two-part licensing contracts.

On the one hand, if tariff and emission tax are lower levels, i.e., 7 <z", the optimal royalty is
always positive while the optimal fixed fee will be negative. Note that if we impose a non-
negative constraint of fixed fee, only royalty is an optimal contract, i.e., ' >0 and f"=0.

In such a case that the government policy is soft to both firms, their competition becomes a
typical licensing model of internal innovation between the firms with asymmetric cost. ’
However, if the non-negative fixed fee is available, a lower tariff raises the royalty and reduces
the fixed fee to a negative value. This is because the foreign firm can induce the domestic firm

to take a contract by providing a negative fixed fee (subscription subsidy) and then impose

7 In a standard patent licensing with internal innovation, it is shown that royalty licensing is preferred to fixed-
fee licensing in a Cournot duopoly with a homogeneous good (Wang, 1998), a differentiated Bertrand duopoly
(Wang & Yang, 1999), incumbent innovators in a homogeneous Cournot oligopoly (Kamien & Tauman, 2002),
and a leadership structure (Kabiraj, 2005). However, Wang (2002) shows that fixed-fee licensing is preferred to
royalty licensing for an internal patentee with a heterogeneous duopoly if the product differentiation is sufficiently
large.
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royalty in order to have relative cost advantage, which will return back its loss from the subsidy

to its ex post profit.

On the other hand, if tariff is high, i.e., 7 <7", the optimal fixed fee is always positive while

the optimal royalty will be negative. Note that if we impose a non-negative constraint of royalty,
only fixed fee is an optimal contract, i.e., r =0 and f” >0. Thus, if the tariff is hard to the

foreign firm to enter the domestic market, a higher tariff raises fixed fee and reduces royalty to
anegative value. This is because the foreign firm can induce the domestic firm to take a contract
by providing a negative royalty (usage subsidy), which yields its rival to have cost advantage
and increase outputs, but impose a higher fixed fee in order to retrieve the increased profit of
the domestic firm into its profit. Note that this is contrast to the results of Kabiraj and Kabiraj
(2017) and Yang et al. (2020) who imposed a non-negative royalty and showed that fixed-fee
licensing could dominate two-part licensing when import tariff rate is high.

Next, from Egs. (4) and (16), we have the following relation that a foreign innovator has

incentive to sell a license to domestic firm through non-restrictive two-part licensing: 7} > 7}

— — 2 — —
forany 7 and t.Itis easy to verify that 7| — 7| = (a-c-57) +4t3[§(a €)=St+8] >0.

Note that the profit of domestic firm is the same under no licensing, i.e., 7Z'dN = ﬁg , but the

domestic firm will accept the offered license by a foreign firm. This is because the foreign firm
can construct two-part licensing contracts by taking the incentive compatibility constraint of
the domestic firm and thus it can offer a favorable (discounted) contract to the domestic firm.

Finally, we examine and compare the welfares between non-licensing and two-part licensing

strategies from Egs. (5) and (19).

Proposition 6. In the case that t =d , we have (i) W' <W" ifeither 7>z, or r<z",(ii)

WT>W" if f<r<g, where % =g, _azd-C d rwz%

satisfies
wh=w",
Proposition 6 states that two-part licensing might improve the welfare if the tariff is high

enough, but yield welfare loss otherwise. That is, if the tarift is either very high or low, welfare-
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improving effect (from the elimination of emissions) under the licensing will be outweighed

by the welfare-distorting effect (from rent-leakage effect to the foreign firm).

Next, we consider the first stage where the government determines the optimal tariff. Then,

oW  35(a—c)-16t—91r

from the first-order condition of (19), we have that 5 ” =0. Then, we
T
can obtain the optimal tariff schedule 7' as follows:
T 35(a—c)-16t (22)

91

Proposition 7. Under non-restrictive two-part tariff licensing, the overall optimal tariff

schedules by 7~ are as follows:

T if 0<t</@=C)

Welfare

=

1(d)

Fig. 4. Welfare losses and optimal tariff with non-restrictionon r and f
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Fig. 4 shows the comparisons between 7~ and z, . First, it shows that 77 <7~ <7z, for

any t. This implies that when the government imposes the optimal tariff, the foreign firm
implements two-part licensing contract with a negative royalty and a positive fixed fee, which

always improves the domestic welfare, compared to the no licensing. Second, it is shown that

- . . . or. T .
7 decreases as the emission tax increases, i.e., a—T<O. This implies that the strategic

policy relationship between trade policy and environmental policy could be negative. This is
because the eco-technology innovation can induce the government can replace emission tax
with tariff policy. For example, if the environmental damage is serious and thus the emission
tax rate is high, it is desirable to eliminate the welfare loss from the pollutants. In that case, the
optimal policy choice of tariff should be low in order to induce the eco-foreign firm to enter
the domestic market with cost advantage when eco-technology licensing contract is
forthcoming.® However, if the environmental damage is not serious and thus the emission tax
rate is low, it is desirable to make domestic firm be with cost advantage. In that case, rent
leakage effect is serious than pollution effect and thus the optimal policy choice of tariff should

be higher when eco-technology licensing contract is forthcoming.

Proposition 8. The optimal tariff schedule 7~ can improve domestic welfare when the two-

part licensing contract is forthcoming, but it has negative relation with emission tax.

7. Comparison: restrictive vs. non-restrictive two-part licensing

In this section, we compare the result of between restrictive and non-restrictive two-part
licensing contracts. First, we examine whether the foreign innovated competitor has a strategic
incentive to choose either a negative royalty or a negative fixed fee under two part licensing.

Then, we compare the profit functions of two cases from Eqgs. (14)-(16), then, we get

8 It is known that the traditional policy relation between the environmental tax and tariff under imperfect
competition is positive because there exists a trade-off between environmental damage and allocative inefficiency.
See Chao et al. (2012). Hence, when the environmental damage is serious, then the government should impose
higher emission tax to the polluting domestic firms while it should raise the tariff since domestic firms have cost
disadvantage from the emission tax, which might increase the rent-extraction effect from the foreign competitors.
However, when the environmental damage is not serious, then the government may impose lower emission tax
while it can reduce the tariff in order to increase market competition. For more discussion, see ***, However, if
the technology innovation and eco-R&D issues are involved, the policy relation might be reversed. See *** Tsai,
MORE discussion will be added.
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e (@a—C—2t—57)

2
T e (82C57) >0 and 7 -7
36

Ty —7T 36 >0 for any 7 and t

where 7" =7x] (rio & f z0) , nf =x:(c7), and z7 =7x7(c®) . This implies the
< <
following proposition.

Proposition 9. Foreign competitor prefers non-restrictive two-part licensing to restrictive

licensing.

Next, we examine the effect of welfare between the two cases. From proposition 2 and 6, we

«~ 3(a-c)+7t
v 22

getthat 7, —7 >0 forall t.Then,we have the following welfare implications.

Proposition 10. Under non-restrictive two-part licensing contract, welfare loss is lessen where

7. <7, while welfare loss arises in the ranges where 7 <z".

This proposition implies that the range of welfare losses can be reduced in the absence of
restriction of two-part tariff licensing. It is possible to obtain more profits by subsidizing first
then taking them as fixed rather than taking them all with only fixed fee, and by giving subsidies
in the domestic market, it is possible to produce more products and expand the range of two-
part tariff licensing with the negative royalty(subsidy). However, if tariffs and environmental
taxes are very low, it may cause welfare losses under non-restrictive case. This means that
royalty licensing of restrictive two-part licensing is better to the society than two-part tariff

licensing with non-restrictive assumption.

Proposition 11. Under non-restrictive two-part licensing contract, the optimal tariff schedule

7" can improve welfares.

The above proposition implies that when the optimal tariff is imposed, welfare is higher under
non-restrictive two-part tariff licensing than under restrictive two-part tariff licensing on the
royalty and the fixed-fee. That is, the government may consider strategic choice of foreign firm

with a negative royalty (subsidy) to prevent loss of welfare and then impose a higher level of

tariffs 7~ than 7 to improve social welfare (See Fig. 5).
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1(d)

Fig. 5. The overall optimal tariffs of restrictive vs. non-restrictive two-part licensing

8. Conclusion

We examined the two-part licensing contracts of eco-technology by a foreign-innovator which
competes with a polluting domestic firm in a home country, and investigated the government’s
optimal tariff policies facing with an emission tax. We considered and compared the two-part
licensing contracts with and without non-negative royalty and fixed-fee, and showed that the
foreign eco-innovator will choose the non-restrictive two-part licensing contracts with a
negative royalty or a fixed fee, depending on the levels of emission tax and tariff. We also
showed that the non-restrictive two-part licensing contract is better off to the domestic welfare
than that with restrictive two-part licensing contract. Finally, we showed that the optimal tariff
policy under the non-restrictive licensing contract has a negative relation with emission tax.

In the future research, the possible extensions are to analyze trade policy and emission
regulation with the leader-follower model and the asymmetric cost model in the international

duopoly.
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Appendix
Proof of Lemma 1.

From optimal tariff schedule of proposition 6, we can derive the following welfares:

2
WR*EWR(TR):lg(a—c) +t(§t_18(a—c)j "
50 50 25
2
WT*EWT(TT)=M+(ﬂt_8(a—C)j )
50 9 15

WF*EWF(TlF):Na—_C)Z+t( (A3)

ﬁt_lﬁ(a—c)]
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81 27
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We have WT*—WR*:$(84(a—c)+1lt)>O from Egs. (Al) and (A2) and

_ 2(3a-3c-10t)?
2025

W —wT™ >0 from Egs. (A3) and (A2). Thus, W7 >W™ >W~ 1

Proof of Proposition 4.

since

From lemma 1, we have the overall optimal tariffs whichare (i) 7z, if 0<t<

3(a—c)
10

WE SW™ SWR (i) oF if 3(‘1(_)‘:) £t<3(a5_c) since W™ =W™ >W®", and (iii)

7, if t> 3(a5_ %) since W™ >WM where W. :g(a—c—r)2 which is the welfare of
foreign monopoly case.ll
Proof of Proposition 11.

We get that

>0 for O£t<3(a_c) ,
10

_4a- c)’ 8t[21(a—c)+55t]

i WT ** _WF *: F
O W ()W =a) == 7371

(i) W (e)-WF (" = )= 22020 5 3(a(—)c) <t<3@=9

20475

12(a—c)®  2t[1344(a—c) +1199t]

WT el _WF *: F —
(ii) W' (z ) (z =173) 13 315

>0 for O<t<a-c.H
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Using a competition-in-utility framework, I analyze a model of platform
competition where consumers choose which platform to use for completing
a bundle of transactions with sellers, which I call bundled usage. 1 show
that, compared to the case where consumers can choose which platform to
use for each transaction, bundled usage leads to a greater per-transaction
consumer surplus, reflecting the platforms’ incentives to divert transactions
from other channels. Compared to the socially optimum level, the equilibrium
consumer utility is too high. Analyses of entry, merger, and limit pricing show
that platform competition often exacerbates the excessive consumer utility,
adversely affecting welfare. Finally, allowing for mixed-homing, I show that a
higher multihoming cost of consumers lowers the equilibrium consumer utility,
indicating that multihoming is key driver of the excessive competition for
usage. The result of this study provides a rationale for policies that restrict
platforms’ strategies that benefit consumers at the expense of sellers.
Keywords: Two-sided markets; multihoming; competition-in-utility
JEL Codes: L13; L81

1 Introduction

Two-sided platforms such as online marketplaces, content streaming services, and operat-
ing systems provide market participants with transaction opportunities. In such markets,
participants such as consumers and sellers often join multiple platforms (i.e., multihome)
and use the different platforms in different situations. As a result, platforms face the com-

petition for usage as well as the competition for membership. For example, a consumer
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survey shows that in Japanese e-commerce market, although Amazon has the largest
share in terms of the membership, Rakuten Ichiba has the larger share in terms of the
number of usage of the marketplace, which indicates that the margin of the competition
for usage differs from that of competition for membership[{| This study aims at analyzing
the competition for usage among platforms under multihoming environments.

Consumers’ patterns of platform usage may substantially differ depending on markets.
For example, in the payment industry, a consumer typically visits a merchant and then
choose which payment method to use. In this case, consumers choose the platform for
each transaction with sellers. I call this pattern of usage as separate usage. Alternatively,
in online marketplaces, consumers may have a bundle of transactions in mind and choose
which platform to use for completing those transactions. I call this pattern of usage as
bundled usage and the situation in which the usage is bundled as usage lock-in.

Usage lock-in can take several forms. First, consumers often choose a particular plat-
form to complete a large portion of transactions with sellers. For example, consumers
often select which marketplace to use to buy certain sets of products as described as
“one-stop shopping” (Armstrong and Vickers| 2010; Thomassen, Smith, Seiler and Schi-
raldi, 2017). This pattern of usage may arise from shopping costs, switching costs, or
loyalty programs designed by marketplaces. Similarly, in software markets, consumers
often choose the “main” software platform, such as operating system, to install applica-
tions on top of that platform, as typically observed in the discussion of the “browser war”
between Microsoft and Netscape (Gilbert and Katz, 2001)).

To understand the consequence of platform competition for usage and usage lock-in, I
analyze the competition among platforms for usage when consumers and sellers multihome
various platforms. In particular, to incorporate various non-monetary design choices made
by the platform, I adopt a competition-in-utility framework (Armstrong and Vickers,

2001) of platform competition with the following features:

1. There are ex-ante identical consumers and sellers that can join any combination of
the platforms. After observing the preference for usage, consumers choose which
platform to use, among those they have joined, for completing the bundle of trans-

actions with users.

2. Consumers and sellers can transact through a direct channel without joining plat-

forms.

3. Platforms set the level of per-transaction consumer utilities u; and charge member-

ship fees (P, T;) to consumers and sellers.

The equilibrium membership fees are characterized by the incremental-value pricing

as observed in the literature of advertising platforms (Anderson, Foros and Kind, [2018).

!MarkeZine (in Japanese), https://markezine.jp/article/detail /33787.



Platforms set membership fees that equal the incremental values that consumers and
sellers obtain by adding each platform into the portfolio of platforms to join. With this
incremental-value pricing, platforms choose the level of consumer utilities to maximize
their incremental values plus their own transaction profits.

Given this characterization of equilibrium membership fees, I analyze the properties of
the consumer utilities set by platforms. First, to understand the implication of bundled
usage, I compare the equilibrium consumer utility with the equilibrium consumer utility
under separate usage: the case where consumers can choose which platform to choose
for completing each transaction with a seller. 1 show that usage lock-in intensifies the
competition; the equilibrium consumer utility under bundled usage is higher than under
separate usage. This is because platforms have a stronger incentive to divert consumer
usage from other channels to increase sellers’ incremental values under bundled usage.
Next, I show that the equilibrium consumer utilities under bundled usage are too high
from the welfare viewpoint. This welfare result arises from the divergence between the
welfare gain from raising consumer utilities and the increases in the incremental values.
From the consumer’s perspective, the increase in the platform’s incremental value equals
the increase in consumer surplus. However, from the seller’s perspective, although the
increase in the probability of usage of one platform increases the incremental value of that
particular platform, the welfare gain is smaller because such an increase in the probability
of usage partly replaces the probability of the usage of other platforms or direct channels.
Put differently, platforms have an excessive incentive to divert transactions from other
channels. As a result, platforms set too high consumer utilities to increase the revenues
from sellers.

The fact that platforms set inefficiently high consumer utilities suggests that intensifying
competition might harm welfare. To examine this possibility, I analyze entry, mergers,
and limit pricing as changes in competitive environments. In the analysis of entry, I
show that welfare may be U-shaped in the number of platforms; that is, an entry of a
platform may be harmful to welfare when the number of platforms is small. Next, in
the merger analysis, I show that the merger to monopoly mitigates the excessively high
consumer utility and improves welfare. Finally, in the analysis of limit pricing, I show
that when entry deterrence occurs, the resulting welfare is lower than that without the
threat of entry. In total, in the environment with bundled usage and multihoming, naive
promotion of competition may harm welfare.

Finally, to understand the importance of consumer multihoming for excessively high
consumer utilities and the robustness of main results, I extend the model in two direc-
tions. First, I introduce the heterogeneity in consumers’ membership utilities and the
multihoming costs so that singlehoming and multihoming consumers co-exist. Then, I
show that an increase in multihoming cost reduces the level of equilibrium consumer util-

ity, which indicates that multihoming is the crucial driving force for obtaining excessive



consumer utility. Second, I introduce the heterogeneity in the trade surplus of sellers so
that equilibrium consumer utility tends to be too low due to Spence distortion (Weyl,
2010). With this extension, I show that equilibrium consumer utility can be either too
low or too high depending on the relative size of Spence distortion.

The results of this study have several policy implications. First, when consumer mul-
tihoming is relevant, usage is bundled, and there are ample non-proprietary platforms
that play a role of direct channels, then regulatory agencies should be cautious about
the inefficiently generous offers made by platforms to consumers such as low transaction
fees, coupons, and free add-ons. This implication gives a novel rationale for Japanese
competition policy in online marketplaces. Japan Fair Trade Commission (JETC) filed a
petition for an urgent injunction against “Shipping Inclusive Program Measures” proposed
by Rakuten, Inc., by which all the sellers of “Rakuten Ichiba” would be prevented from
receiving delivery fees from consumers’] JFTC also intervened with the Amazon Japan’s
expansion of reward program that required the sellers to pay the cost for rewardsf}| The
result of the present study provides a novel rationale for intervening with these seem-
ingly consumer-benefiting but seller-harming platform designs. Second, when excessively
consumer-friendly platform designs are detrimental to the welfare, naive promotion of
platform competition may have adverse effects. Instead, fostering a shift from bundled

usage to separate usage by reducing shopping costs would be a better policy alternative.

2 Related literature

This study is related to the studies of the platform competition under multihoming (Am-
brus, Calvano and Reisinger| 2016; Anderson et al.| 2018; [Bakos and Halaburda, {forth-
coming;; |Calvano and Polo, [2020). These studies show that when both sides of participants
multihome, platforms do not directly compete for membership (Anderson et al.| [2018)),
and sometimes two-sided pricing characterized by cross-subsidization breaks down (Bakos
and Halaburdaj, forthcoming). In the present study, although the platforms do not di-
rectly compete for the membership, they compete for the usage. The competition for the
usage restores the two-sided pricing even in the presence of multihoming on both sides.
Further, such competition for usage leads to excessively high consumer utilities.
Another strand of related literature is platform competition for usage (Rochet and
Tirole, 2003; Liu, Teh, Wright and Zhou, 2019). These studies analyze the platform
competition for usage, assuming that platforms charge only transaction fees. This mod-

eling feature is suited to markets such as ride-sharing, payment cards, and online travel

2Japan Fair Trade Commission, https://www.jftc.go.jp/en/pressreleases/yearly-
2020/February/200228.html
SNikkei  Asia, https://asia.nikkei.com/Business/Companies/Japan-s-antitrust-regulator-to-probe-

Amazon-s-loyalty-program



agencies. Compared to this literature, the present study allows platforms to charge mem-
bership fees. This modeling feature is suited to markets such as content streaming services,
some types of online marketplaces, and software markets in which subscription fees or the
prices for devices are relevant strategic instruments.

This study is also related to the study of the welfare effect of platforms in the presence of
direct channels (Edelman and Wright, 2015)). [Edelman and Wright| (2015) show that when
platforms use price parity clauses, the platform invests too much in consumer benefit from
platform usage, and too many consumers use the platform in the equilibrium. Although
the result of excessive intermediation is similar, the driving force of excessive intermedia-
tion and its implication is different in the present study. In|Edelman and Wright| (2015),
the presence of price parity clauses increases product prices at direct channels, which
plays a major role in generating excessive intermediation results by reducing the surplus
of consumers outside the platform. In this study’s framework, platforms set membership
fees that equal the incremental values, and each platform can increase its incremental
value for sellers by increasing the probability that consumers use the platform. However,
this increase in the incremental value for sellers does not contribute to the welfare, as it
just replaces the value for sellers between other channels, which is the source of exces-
sive intermediation in the present study. As a result, even without price parity clauses,
excessive intermediation arises.

Finally, this study contributes to the body of research that studies the impact of compe-
tition in multi-sided markets, including entry (Liu et al., 2019; Tan and Zhou, |2020) and
mergers (Correia-da Silva, Jullien, Lefouili and Pinho| |2019; Anderson and Peitz, [2020;
Sato, [2020). A major contribution of the present study to this literature is the finding of
a novel mechanism under which competition reduces welfare in two-sided markets. In the
present study, competition often hurts welfare due to already excessively high equilibrium
consumer utilities. This mechanism is totally different from the trade-off between the

welfare benefit of competition and the welfare cost of shrinking network sizes.

3 Model

In this section, I propose two models of platform competition. The first one is the main
model of bundled usage, where consumers must choose which platform to use for complet-
ing transactions with all the sellers. The second one is a model of separate usage, where
consumers can choose which platform to use for completing each transaction with each
seller.

There is a unit mass of consumers and sellers in a market. Also, there are proprietary
platforms and a non-proprietary platform that enable the trades between consumers and

sellers. Let AV be the finite set of proprietary platforms with |[N| = n. The non-proprietary



platform is viewed as direct sales channels such as direct-to-consumer sales or open-source
operating systems such as Linux. Proprietary platforms set per-transaction utilities of

consumers (u;);ens and charge membership fees (P, T;);en to consumers and sellers.

consumers and sellers All consumers and sellers can freely trade on non-proprietary
platform labelled as platform 0, in which case, consumers and sellers obtain the surplus
uy > 0 and vy > 0, respectively. When a consumer uses a proprietary platform i € N,
she trades with sellers on that platform, in which case, a consumer, a seller, and the
platform obtain the surplus w; € [u,u] C Ryy, v(u;) € Ry, and 7(u;) € R, respectively.
Each consumer also derives a idiosyncratic benefit ¢; from the transaction on platform
i. I assume that ¢; follows a distribution function F'(e;) that is i.i.d. across consumers
and platforms and has support [¢, €] and continuous density function f(¢;). I also assume
that 1 — F' is log-concave. Further, for an analytical ease, I assume that €¢ = oo and
e+ u+uv(u)+ m(u) < ug for all z € [u,u). Given a vector u = (uy,us, ..., uy) consumer
utilities set by platforms, when a consumer joins the set P C N of proprietary platforms
and sellers join the set S, she observes the preference for each platform € = (¢;);epns-
Then, each consumer uses the platform that maximizes the expected utility.

Let w(u) := u+v(u)+7(u) be the total surplus made by each trade. I put the following

restrictions on the functions v and 7.
Assumption 1. The functions v and 7 satisfy the following properties:
1. v and 7 are weakly concave;
2. There ezists 4 > u and u € [, ) such that w'(4) =0 and v(u) + 7(u) = 0.

This assumption implies that w(u) is weakly concave and has maximum in (u, 7). In
addition, if per-transaction joint surplus of sellers and platform is negative, a further
increase in consumer utility lowers the per-transaction total surplus.

Let U™ (u) be the ex-ante expected surplus from trade when a consumer joins the set
P of proprietary platforms and sellers join the set S of proprietary platforms. The exact
form of UP"S(u) is given by

U""%(u) = E. {ZIEI%)ER(S {max{uo, u; + q}] } (1)

Each consumer chooses the portfolio of the platforms that she joins to maximize the
expected surplus from trade minus the membership fees (P;);cpr, which is written as the

following problem,
max U7 (u) — Z P, (2)

PN
1€P

where § is the set of platforms that sellers join.



Next, consider the sellers’ payoff from choosing a portfolio of platforms that they join.
Each seller’s payofts from the participation choice under bundled usage and separate usage
differ. Under the bundled usage, each seller cannot affect consumers’ usage probability
of platforms, because each seller is atomless. By contrast, under the separate usage, each
seller can affect consumers’ usage probability of platforms. Let df (u) be the probability
that a consumer uses the platform i € AU {0} when the consumers join the set P of
platforms. Then, under bundled usage, each seller joining the set S of platforms yields

the surplus

VP () = df (u)u + Y df (w)o(u) )
i€PNS

Under separate usage, each seller joining a set S of platforms yields the surplus

VPSS (1) = d (w)u + Z d; " (wv(u;) (4)
i€ePNS

Thus, given the consumer utilities (u;);cn and membership fees (7;);cnr, sellers choose the

set of platforms S to join to maximize

VRS -3 (5)

=
under bundled usage and

VPOS,S(U) _ Z T, (6)

i€S

under separate usage.

Platforms Each platform ¢ obtains profit 7(u;) for each transaction. Thus, if consumers
and sellers join the sets P and S of platforms respectively, and consumers use the platform

i with probability d7'"¢, the profit of platform i is given by
17%(u) = LiepPs + LiesT; + d] " (w)m(w;), (7)
where 1x is an indicator function that takes the value 1 if X is true and 0 if X is false.

Timing The timing of the game is given as follows:

1. Platforms ¢ € A simultaneously set consumer utilities (u;);en-

2. Observing the profile of consumer utilities, platforms simultaneously set membership
fees (P, T)ien

3. consumers and sellers choose the set of platforms to join.



4. Given the sets of the platforms consumers and sellers joined and the realization of

€, each consumer chooses which platform to use in the following manner:

e In the case of bundled usage, each consumer chooses which platform to use for

making transactions with all the sellers on that platform.

e In the case of separate usage, each consumer chooses which platform to use for

making a transaction with each seller.

Equilibrium concept 1 adopt subgame-perfect equilibrium as a solution concept. As in
the standard literature of two-sided markets, there are multiple equilibria in consumers’
and sellers’ participation decisions. To analyze the relevant cases where all platforms
are active, I focus on the symmetric equilibria where all consumers and sellers join all
the platforms. I call such equilibria as participation equilibria. In the next section, I

characterize the participation equilibria and show their welfare properties.

Discussion on the modeling assumption This model has two important assumption
worth discussing. Under the separate usage, consumers choose which platform to use for
each transaction with each seller. This setting is similar to|Liu et al.| (2019))’s multihoming
setting given the set of platforms to join. Under the bundled usage, each consumer choose
which platform to use for all transactions with sellers. This setting is again similar to
Liu et al.| (2019))’s singlehoming setting given the set of platforms to join. The bundled
usage setting of this study can be viewed as the situation where consumers choose which
online marketplace to visit to purchase a bundle of products, which typically fits the
purchasing behavior in grocery stores, as discussed by |Armstrong and Vickers (2010),
Zhou (2014) and [Thomassen et al.|(2017). Similarly, this interpretation is applicable to
content-streaming services. One important difference between the current setting and |[Liu
et al.| (2019) is that platforms can charge membership fees such as subscription fees or the
prices for computers in the current setting. Consumers often subscribe multiple music- or
video-streaming platforms such as Spotify, Apple Music, Amazon Prime Music, Netflix,
Hulu, Amazon Prime Video, etc. In this example, direct channels can be interpreted as
offline stores selling physical media such as CDs and DVDs. Another interpretation is that
consumers decide which platform to use as the main platform on which consumers trade
with sellers. For example, consumers may purchase several PCs, tablets, and smartphones
and uses some of them as the main OS to use application software, which might include
non-proprietary OS such as Linux. In this interpretation, several platforms are consumed
by consumers as genuine platforms to transact with sellers, and others are consumed just
like products. Although it seems that the assumption of bundled usage is restrictive, it is
not as it seems at first sight. The crucial difference between bundled usage and separate

usage is that each seller is non-atomic for consumers under bundled usage. Indeed, what



we need to derive the results under bundled usage is to assume that there exists a positive
mass of transactions that consumers bundle. Suppose that each consumer has m > 0
categories and that the consumer chooses which platform to use for completing all the
transactions with sellers in each category. Then, it can be shown that the equilibrium is
the same as the model of bundled usage.

Secondly, in this study I assume that platforms can charge lump-sum membership fees
(P;,T;) to consumers and sellers. This assumption is plausible in certain environments
where subscription fees or prices for devices are relevant, but not in others where there is no
lump-sum monetary transfer between consumers and platforms. We can similarly analyze
the latter environments by, for example, assuming that consumers has some membership
cost v for each platform, and each platform can provide the stand-alone utility ¢; by
incurring cost C(g;). For ease of exposition. I stick to the case where the platforms can

charge membership fees.

Examples The form of functions v and 7 differ depending on the specific design choice
platform can make. For example, if the platform chooses transaction fees, v and © would
be linear. However, if platforms’ design choices include non-price instruments such as the
investments in complements or introducing first-party products, the form of v and 7 may

be nonlinear. I provide two examples below: transaction fees and first-party products.

Example 1. (transaction fees). Suppose that at each transaction, platform generates an
efficiency gains ¢, and ¢, on consumer and seller sides, incurs per-transaction marginal cost
¢ > 0, and charges per-transaction fee t; to consumers. Then, writing u; as u; = ug+0d,—t;,

we can write v and 7w as v(u;) = vo + 9, and 7(u;) = ug + 0y, — ¢ — U;.

Example 2. (Platform entry into product markets) Suppose that each seller has a unique
product in a certain category, which has demand scale that follows 6 ~ U|0, 1], which is
the probability that a consumer purchases a product in that category. After observing
the realization of demand scale 6, platform can choose whether to enter each category,
incurring entry cost x > 0. If platform does not enter, the seller derives per-consumer
profit 7. If platform enters, the seller and the platform derives per-consumer profit =
and 7P, respectively. Assume that competition reduces producer surplus: 7™ > 7¢ 4 7P.
Consumer surplus under monopoly and duopoly are given by ™ and u?, respectively. Let
0; be the platform ¢’s threshold value such that platform enters a category if and only if
0 > QAZ Then, writing u; as

1 0; m 2 (d o
w; = u(b;) = / Oudp +/ Ou™dl = u™ +[1 621](” u )7
0 0

i



we can write v and 7 as
1 9(114) mo__ 1 _ 0 ) 2 m d
v(u;) z/ ded6+/ Onmde — {1 = [0(u)]*H7™ =7 )7
6(us) 0 2

- ! P 7{1—[9(%)]2}771’_ — 0(u)k
O 1 6(uls,

where 0(u;) = u=!(u;). In the direct channel, there is no platform entry but sellers incur

fixed transaction costs ¥ so that ug = 7™ /2 and vy = u™/2 — 9.

4 Equilibrium analysis

4.1 Equilibrium under bundled usage

To analyze participation equilibria, I consider the consumers’ incentives to join the plat-
forms given a expectation that all sellers join all platforms. A consumer has an incentive
to join platform i if

AUj(u) > P,

where AU;(u) = UV (u) — UMM (u) is the incremental value of platform i for consumers.
Thus, the maximal membership fee P; that guarantees the participation of consumers
on platform ¢ is given by AU;(u). Given that all consumers join all the platforms, the

probability that platform ¢ is used by a consumer is given by

d (u) = Pr (uZ + ¢; = max {uo,max{uj + q}})
JEN

:/OO f(e) H F(e+ uw; — u;)de.

ot JEN\{i}

Next, consider the incentives of sellers to join each platform, which depends on whether
the usages are bundled or separate. Under the bundled usage, a seller has an incentive to
join platform i if
AVP(u) > T,

where AV;Z(u) = VNN (u) — VNV (1) = @V (u)v(u;) is the incremental value of plat-
form ¢ for sellers. Thus, the maximal membership fee charged to sellers is given by
T, = d¥ (w)v(u,).

Finally, I consider the first stage of the game where platforms choose policies (u;);en-

Under the bundled usage, the optimal consumer utility u; set by each platform is derived

10



by solving the following maximization problem:

max AU;(u) + dév(u) [v(u;) + m(u;)] (8)
By a simple calculation, we have OAU;/Ou; = d. Then, the first-order condition with
respect to u; is given by

odN ()

dMw' (u;
b () + =50

[o(ui) + 7 (u;)] = 0. (9)

Invoking the symmetry and, the condition (9) can be rewritten as

xP (W n) = w'(u”) + S 0, (10)
where
d) (u,)
OB (u,n) = IO,
8’u,¢
and u, = (u,u,...,u).

To guarantee that the above characterization is sufficient, I put the following assumption
on the form of u, which states that the joint surplus of sellers and the platform is not too

small so that platforms have an incentive to attract consumer participation.

fuo—u)

Assumption 2. v(u) + 7(u) + 1—F(up—u)

>0 for all u € [u,q].

Then, we have the following characterization of the symmetric participation equilib-

rium.

Proposition 1. In any participation equilibrium under bundled usage, T; = AV (u),
and P; = AU;(u) hold for any given u. Further, given Assumptions |1 and @ there is a

unique symmetric participation equilibrium with u; = u® that satisfies equation .

Proof. In Appendix. O]

4.2 Equilibrium under separate usage

Next, I analyze the equilibrium under separate usage. Given a set of platforms that each
seller joins, consumers’ usage probabilities are the same as that under bundled usage.
Further, given an expectation over the set of platforms that sellers join, consumers’ par-
ticipation choices are the same as that under bundled usage. Thus, consumer choices
under separate usage are virtually the same as that under bundled usage, given fixed

seller participation.
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What is different is sellers’ incentive to join platforms. Under the separate usage, a

seller has an incentive to join if
AVP(u) > T,

where

AVS(u) = VAN (u) — VAN ()

= dY (w)[v(w) —vo] = Y 1@ (w) — dV(w)][u(uy) — v

JEN\{i}

is the incremental value of platform 7 for sellers under separate usage.

As a result, the optimal consumer utility u; set by each platform is derived by solving

the following maximization problem:
max AU;(u) + AVS () + dV (u)m(u;).

The first-order condition with respect to wu; is given by

N u a N u
uttu) + 28 W 30 5 W ) =0

o (u®,n) = w'(u®) + S ) U(u®, n)v(u®) — Wo(u®,n)vy = 0,
where D)
— e}~ ou
U(u,n) = >0,
dj (u,)
and
add (un)
U —__%u

O(Ua TL) d?[(un)

(11)

(12)

(13)

To guarantee that the above characterization is sufficient, I put another assumption

on the primitives, which states that the per-transaction seller surplus is higher on the

platforms compared to that on direct channels.

Assumption 3. For all u € [u, 1], v(u) > vy holds.

Given this assumption, the following characterization of equilibrium under separate

usage is obtained.

12



Proposition 2. Under Assumption [3, in any participation equilibrium under separate
usage, Ty = AVP(u), and P, = AU;(u) for any given u. Further, given Assumptions
and @ there exist a symmetric participation equilibrium with u; = u®° that satisfies
equation (|13)).

Proof. In Appendix. n

4.3 Impact of usage lock-in

Based on the analyses of equilibria under bundled usage and separate usage, I compare
the values of equilibrium consumer utilities. The differences between equilibrium utilities
are twofold. First, under separate usage, platforms take into account that the choice of
consumer utilities affects the surplus sellers can obtain on other channels, whereas they
do not under bundled usage. Because a higher level of consumer utility of one platform
reduces the choice probabilities of other channels, platforms have incentives to set lower
consumer utility under separate usage than under bundled usage. This observation leads

to the following proposition.

Proposition 3. The equilibrium consumer utility under bundled usage is higher than that

under separate usage. That is, u® > u.
Proof. In Appendix. n

This provides one implication of usage lock-in: usage lock-in shifts platform design in
favor of consumers.
Below are the equilibrium consumer utilities under bundled usage for specific examples

presented in the model section.

Example 1 (Continued). In Example (I} w'(u) = 0 for all u € [u,T], so the equilibrium

consumer utility is given by v(u;) + m(u;) = vo + 0, + ug + 0, — ¢ — u;, which implies that

uP = vy + 6y + ug + 0, — c.

In terms of transaction fees, the equilibrium transaction fees t® can be written as

t? =c— 8, — v
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Example 2 (Continued). In Example [2| rewrite the variables as

ps=7"
s = u?
pu__d€<071)
d
¢+ P
Pr = m (0a1>
™

Then, we have
0(ui)[cs(L — pu) —PS(1 — pr)) — K
Ou)e (1 — p) ’

w'(u;) =

and
v(ug) + 7(u;) = pslp=+ 9(1;2) (L=px) (1 —60(u;))~-

Suppose that n = 1 and F(e) = 1 — exp(—\e). Then, the equilibrium condition for u?

can be written as

1_]%(1 — pr) _ K +ﬁ[pﬂ+(9(u3)2(1—pﬂ)]

1
&S(1—p)  6Pyes(l—pa)| A 2

— (1 = 0(u®))k = 0.

In this case, the likelihood of entry, 1 — #(u®) is increasing in €5, decreasing in p,, and
increasing in p,. 1 — 6(u?) increases with ps if and only if k > & for some &. Further, &

is increasing in p.

4.4 Welfare properties of equilibrium

Given the equilibrium characterization, I show that equilibrium consumer utility is too
high in terms of social welfare. This result arises from the incentives of platforms to divert
the transactions from other channels.

The aggregate welfare when all consumers and sellers join all the platforms is given by

W (u) =U" () + dy (w)vo + D d) (w)[o(w;) + m(w;)]
ieN

(14)
=UN(u) + vy + > d (w)[o(us) + 7 (u;) — vo),
ieN
which has the first derivative
8W(u) . ’ ad](UB>
u = diw'(u;) +j§[ i [v(u;) + m(u;) — vol. (15)
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Let u© be the symmetric value of consumer utility that makes the above derivative zero.
Evaluating equation at uP, we have

oW (uB
S

JeN JeENM\{i }

odyY adN

)+ m(u?)] < 0,

which implies that the equilibrium consumer utility under bundled usage u? is too high.
That is, equilibrium policies of platforms are too consumer friendly in terms of social
welfare.

As a comparison, consider the welfare property of equilibrium consumer utility under

separate usage. Evaluating equation at v°, we have

us v
aW( n): Z adj' (UB)

Qui

This implies that the equilibrium consumer utility under separate usage is too high if and
only if 7(u?) > 0 and n > 1.
The following proposition summarizes the results on the welfare properties of equilib-

rium consumer utilities.

Proposition 4. The equilibrium consumer utility under bundled usage s always higher
than the socially optimal level. The equilibrium consumer utility under separate usage is

higher than the socially optimal level if and only if w(u®) > 0 and n > 1.

The fact that the equilibrium consumer utility under bundled usage is too high arises
from a version of the business-stealing effect; each platform ignores the forgone profits
of sellers and platforms when it attracts consumers by raising consumer utility. Because
all the gain of consumers from increasing consumer utility is collected as an incremental
value, each platform has an aligned incentive with consumers. Consequently, only the
business-stealing effect distorts the equilibrium consumer utility, and excessive consumer
utility result is obtained.

Below, I provide the comparison between equilibrium and socially optimal consumer

utilities in specific examples provided before.

Example 1 (Continued). In Example , the welfare-optimal consumer utility is given by

u® =g+ 6, + 6, — ¢ (16)

In terms of transaction fees, the socially-optimal transaction fee t© can be written as

= — 0.
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In Example [T} as the equilibrium transaction fees, the welfare-optimal transaction fees
are below marginal cost by the size of efficiency gain 9, on sellers’ side. However, while
the welfare-optimal transaction fees are below marginal cost only by its efficiency gain
0, for sellers, the equilibrium transaction fees additionally have discounts that equal the
baseline gains from trade vy, which has nothing to do with the welfare gain from using
the platform.

Example 2 (Continued). Suppose that n = 1 and that F(¢) = 1 —exp(—Ae) inn Example
. Then u© is given by the condition

ps(l — px K 1 o 1 — f(u®)?
- ch—sél - Z; 901 — m} 5 =) (%) — (1= 6(u®))r + ¢ = 0.

The likelihood of socially optimal platform entry 1 — (u®) is increasing in es(1 — p,,) but

decreasing in ps(1 — p,).

The analysis of Example [2]shows that while socially-optimal platform entry into product
markets decreases in the scale of producer surplus ps, equilibrium platform entry into
product markets may increase with the scale of producer surplus. This highlights the
source of the divergence between the socially-optimal and equilibrium platform design.
With a larger producer surplus, platforms have a strong incentive to divert consumers
in order to increase the sellers’ willingness to pay for platforms. However, this increase
in the willingness to pay of sellers does not reflect the welfare, increasing the divergence

between equilibrium and optimal level of entry.

5 Impact of platform competition under bundled usage

The fact that platforms have an incentive to set excessively high consumer utilities under
bundled usage has rich implications on the impacts of platform competition on welfare.
In the following, I focus on the case of bundled usage, which is the main interest of the

analysis.

5.1 Platform entry

First, I consider the impact of platform entry captured by an increase in n. The next
proposition shows that an entry of a platform increases the equilibrium consumer utilities.
Proposition 5. If w'(u?) # 0, u® is increasing in n. If w'(u?) =0 for all x € [u,u], u®

18 independent of n.

In the rest of this subsection, I stick to a specification presented in Example [1| to

highlight the key result that platform entry may lower the welfare.
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In the setting of Example [1| the equilibrium consumer utility is given by u? = vy +

0y + ug + 0, — ¢. Then, the consumer surplus is written as

UN(uf) = uy + /00 (€ —ug +uP)nf(e)F(e)" ‘de (17)

0o_.B
B’lL

Thus, the equilibrium aggregate welfare is given by

oo
W(n) = up + v + / (€4 6y + 0, — c)nf(e)F(e)" de (18)
=8y —8y—10
The first two terms are the surplus from trades that can be obtained through direct
channels, and the third term is the additional surplus generated by the trade on the
platforms. However, because the transaction prices are inefficiently low, the transaction
through the platform generates not only the surplus, but also the cost, which is the case
when € € [¢c — §, — 0, — vy, c — 0y — ).

Whenever € < ¢— 6, +9, +vg holds, there are some inefficient transactions on platforms.
In some extreme cases where u$ is sufficiently large, abandoning platforms may improve
the welfare. To see this, note that the welfare impact of the existence of the platforms is

given by

W(n) — W(0) = /OO (€4 6y + 0, — c)nf(e)F(e)" de

—8u—8y—v0
Since the region where inefficient transactions take place becomes broader as vy grows,
the presence of platforms may lower the welfare when vq is sufficiently large.

Next, I analyze how welfare varies with the number of platforms. An increase in the
number of platforms affects welfare in two ways. Firstly, as the number of options for
consumers increases, the probability of an inefficient transaction decreases, which improves
welfare. Second, as the number of platforms increase, the number of the transaction itself
increases, which may increase the number of inefficient transactions and decrease welfare.
When the former dominates the latter, welfare improves as the number of platforms
increases and vice versa. Proposition [5|states that the welfare-improving effects dominate
if and only if the number of platforms is greater than some critical value.

The following proposition formalizes the above discussion.
Proposition 6. Suppose that [~ (e)nf(e)F(e)" *de + 6, + 0, < c. Then,

1. for any fized n, there exists g > 0 such that W(n)—W (0) < 0 if and only if vy > by,

and

2. W(n) is U-shaped. That is, there exists i > 0 such that W (n) increases with n for

all n > n, and decreases with n for allmn < n
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Proposition [6] suggests that when platforms’ transaction fees are so low that even the
presence of the platforms hurt welfare, fostering platform competition may not mitigate

the problem unless the competition is already intensive.

5.2 Platform merger

As observed in the analysis of entry, intensifying competition may have an adverse effect
on welfare. On the flip side, a reduction in competition may improve welfare. As a stark
example, I show an analysis of the impact of mergers on welfare.

For ease of exposition, consider a merger to monopoly, labeled as M. I assume that the
merger leads to an integration of platforms, in which case consumers’ benefit from usage
eM is given by

M = max €.
JEN

This formulation of mergers is adopted in the context of mergers in auction environments,

as |Loertscher and Marx| (2019)).

Then, the merged entity chooses consumer utilities to maximize the joint profit

UM (upg) — U2 (uag) + d57 (unr) [v(uar) + m(uar)]

:/OO [€ — ug + upnf(e)F(e)" tde + [1 — Fug — upr)"][v(uns) + 7 (uns)]

0—UuUM

which is maximized by the first-order condition
DM (upg, n)w' (up) + v(uar) + m(up) = 0, (19)

()
where ®M (uyr,n) = dLM}(uM)/ ad%u—gm , and dﬁy}(u) =1— F(u)". Let u™ be the

equilibrium consumer utility set by the monopoly. The following proposition shows that
the merger lowers the consumer utility, but the consumer utility is still excessively high,

implying that the merger to monopoly always improves welfare.

Proposition 7. Consider a merger to monopoly. Let u® be the pre-merger first-best pol-
icy, uB the pre-merger symmetric equilibrium policy, and u™ the post-merger equilibrium

policy. Then, u©@ < u™ < uB. If u™ # u®B, then the merger raises welfare.

Proposition [7| states that a merger to monopoly improves welfare. This is a sharp

contrast with the standard welfare-reducing effects of mergers.

5.3 Limit pricing

Amelio, Giardino-Karlinger and Valletti (2020) used a model of platform competition

with singlehoming agents to examine the incentive of an incumbent platform to engage in
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limit pricing when an incumbent platform can set the price before the entry of a potential
entrant. Using a specification of Example [T} I examine how the incumbent’s incentive
to engage in limit pricing and its welfare implications. In particular, the presence of
entry pressure may lower even the short-run welfare when the incumbent engages in limit
pricing, because the monopoly consumer utility is already too high in terms of social
welfare.

Consider the following extension of the baseline model. There is an incumbent platform
I and a potential entrant platform E that needs to incur entry cost K to enter. The timing

is given as follows:
1. The incumbent platform [ first set consumer utility u;.

2. Observing the consumer utility set by I, the entrant platform E chooses whether to

enter and the consumer utility ug if it enters.

The remaining timing is the same as that of the main model.

To derive the equilibria, we first need to compute the profit of platform E when it
enters, given the consumer utility u; set by the incumbent. A calculation analogous to
that of main analysis shows that platform F sets up = u® = 6, + vy + 6, +v9 — c¢. Thus,

the probability that the platform E is used by consumers is given by
dg(ur, u®) :/ f(e)F (e — uy + uP)de

o—ub

= /uoo fe4+ur — uP)F(e)de.

0—UuUr

Post-entry consumer surplus is given by
o

UYEY (g, uP) = ug + / [1 = F(e)F (e + ur — u”)]de,

ug—uy

and consumers’ surplus when they join only platform [ is given by

U (g, u?) :uB—I—/ [1 — F(e)]de.

uo—us

Thus, the incremental value of platform F is given by
ULEY (up, uf) — U (up, uP) = / F(e)[1 — F(e +ur — u®)]de.
ug—us
Finally, the profit of the platform E when it commits to consumer utility u; is given by

Mp(ur) = /OO F()[l — F(e 4 u; — u®))de — K.

0—ur
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Given uy, platform E enters if and only if IIg(u;) > 0. Consequently, platform I has

three alternative strategies in choosing wu;:

1. Blockade: choose ur = u?, and Ig(u?) < 0 holds. As a result, platform E does not

enter.
2. Deter: choose uy so that I[Ig(uy) < 0. As a result, platform E does not enter.

3. Accommodate: choose tb; = u®, and Ig(u?®) > 0 holds. As a result, platform E

enters.

[ consider the case where IIg(u?) > 0 holds, that is, the blockaded entry does not take
place. Let K be the entry cost such that Ig(u?) = 0. Then, IIx(u®) > 0 holds if
and only if K < K. Given this assumption, platform I chooses between deterring and
accommodating the entry. The profit of platform I from accommodating the entry is

given by

m — / T RO — F(e)de.

B

Next, consider the profit of platform I when it deters the entry. At the consumer utility
uy that deters entry, the profit of platform I is given by

1 (uy) = / (1 — Fe)]de + [1 — Fl(uo — wr)](tto + 60 + vo + 8o — ¢ — ws),
wo—ur
subject to Ilg(u;) < 0. Then, there exists @ > u® such that 11¢(a) = 114, that is, the
consumer utility that makes the profit of the incumbent in the case of entry deterrence
equal to the profit in the case of accommodating the entry. Further, define u(K’) by
g(a(K)) = 0, that is, the minimal consumer utility that the incumbent needs to set in
order to deter the entry. Then, if 4(K) < u, platform [ can profitably deter the entry by
setting u; = G(K). It can be shown that there exists K > 0 such that @(K) = 4, and
I4(a(K)) > 1% for all K > K. Consequently, the following result is obtained.

Proposition 8. For K € (0,k), platform I accommodates the entry. For K € [K,K),
platform I deters the entry by setting ur = u(K) > uP, and the welfare is lower than

when there is no potential entrant.
Proof. In Appendix. O]

When the value of entry cost is intermediate, platform I engages in limit pricing by
setting consumer utility above the level that would be set without a threat of entry.
Because the consumer utilities without the threat of entry are already too high, further
raising consumer utilities by limit pricing always lowers the welfare. This result is in

contrast with the standard welfare effects of limit pricing in ordinary markets, where the
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reduction in prices improves welfare, at least in the short-run. In summary, the adverse

effects of limit pricing may be serious in two-sided markets than in ordinary markets.

6 Extension and Discussion

In this section, I discuss how the welfare implications of equilibrium would change if the

framework of this study is extended.

Mixed homing Suppose that consumers differ in stand-alone benefits for platforms and

choose whether to singlehome or multihome. Consider the following duopoly setting where

U (uy,ug) — P — 72 it P ={1}
uP (ur,ug) = ¢ U (uy, uy) — Py — 7(1 — ) if P = {2}
U{I’Z}(ul,UQ)—Pl—PQ—T—A IfP:{l,Q},

where A > 0 is a multihoming cost. In addition assume that there is no direct channel,
which amounts to assuming that ug = —oo.

Then defining the critical types of consumers as

Utz —us —p - A
T

and

U2t —p— A

To = 1-— s
-

we have that consumers in [0, 23] join only platform 1, consumers in [Zs, #1] joint both
platforms, and consumers in [#1,1] join only platform 2. T slightly change the timing
in the way that platforms simultaneously set consumer membership fees and consumer
utilities. After observing these actions, platforms choose seller membership fees.

Note that because there is no choice but choosing platform ¢ when a consumer single-
homes platform i, U1 is given by

U = u; + Eley].
Then, platform 1’s profit is given by

.7?31P1 + {i’ldi{IQ} + 'TAJQ |:1 - d§172}i| } [U<U1> + W(ul)].
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Noting that

oi, 1
op, T

oz dit?

ouw T

Oiy  1—di"?
ouy T ’

the first-order condition for platform 1’s optimal membership fee P; for consumers is

. oz
I + a—Pi {Pl + dim}[v(ul) + W(Ul)]} =0

Note that this implies that

g 90

{P1 + d‘l{l’g}[v(ul) + ﬂ(ul)]} = 0.

U

Then, the first-order condition for usage level is given by

{ordl™ o [l — a2} ) ) +

R R ad{LZ} 1 _ d{172} 2
v {(xl a2 B o) 4w
1

Combining these two first-order conditions, the symmetric equilibrium consumer utility

is given by
A / A / / A P > 2 1
/() + ol () + )]+ {01 - a2 [ Pe s - bt el o

Let @(A) be the symmetric-equilibrium level of consumer utility. Then, we obtain the
following result on the relation between consumer homing and equilibrium usage compe-

tition.
Proposition 9. 4(A) is decreasing in A.
Proof. In Appendix. n

This proposition implies that multihoming cost lowers the equilibrium consumer util-
ities, which implies that consumer multihoming is a key driving force that leads to an

excessively high equilibrium consumer utility.

Seller heterogeneity I also have assumed that there is no ex-ante heterogeneity in con-

sumers and sellers. This is not innocuous in terms of the welfare properties of equilibrium
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prices because when there is an ex-ante heterogeneity in usage benefit or membership
utility, the prices that platforms set tend to be too high (Weyl, |2010). To incorporate
this feature, I introduce the heterogeneity in the gains from trade of sellers obtained
through the transaction in platforms. Consider the case of monopoly and suppose that
0y ~ G with continuous density function g. Then, platforms set (uns, Py, Ths) to max-

imize their own profits. Then, the number of sellers who join platform i is given by

ny =1—G <v0 + ;TI‘?}) For an analytical ease, I treat n; as the choice variable of
M

platform i, because it can be achieved by setting Ty = [G~1(1 —n?,) +vo|ny,;. The profit

of the platform at participation equilibrium is given by
ULM} - Uw + nfd,(lb() + (Su + vy + 5]\/[ — Up — C),

where

Ty
5M:’UO—FW.
M

At symmetric equilibrium, oUM}/on? = f?é_uM(e + upr) f(€)F(e)"'de holds. Then,
"M

taking the first-order conditions with respect to n3, and uys, we obtain

UMZUO+5u+’U0+(5M—C,

and 1= Gow)
— U,
5M:TM)M+C—E(é—uM) _UO_UO_&“
where

[T efOP (e
faoo f(e)F(e)ntde

is the average gains from using a platform conditional on using the platform.

é(a)
Next, consider the welfare properties of equilibrium consumer utilities. The aggregate
surplus is given by
W = UM 40§ d0" (ug + 6, + vo + 0(8,) — ¢),

where

_ [ 8g(8)do
) = —cw

is the average additional gains from trade of sellers obtained through a platform.
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Evaluating the derivatives of W at the equilibrium consumer utilities, we obtain

ow

d{M}l — G(ou)
on%,

p— M ~
n]*?/[:ﬁ;gu,uM:ﬁj\/[ g(5M>

Vv
market power distortion

oW adM | - . . 1-G(
Bunr = O s | 56 — by — L COM)
M |nS =n%, unr=in Unp — g(aM)

Spence distortion
inefficient discount

As described by [Weyl| (2010), when there is ex-ante heterogeneity in usage benefits,
Spence distortion tends to lead the equilibrium price to be higher than the socially optimal
price level. This factor mitigates and may overturn the welfare distortion derived in the
main analysis. In total, whether the equilibrium consumer utilities are too high or too
low depends on the relative size of Spence distortion. For example, when g(§) = \e™9,
we have LG5 .

5(5)—5—W;):—(1—6_’\5) (5+X> < 0.
Thus, in a specific example of exponentially distributed seller surplus, inefficiently high
discounts dominates the Spence distortion, and excessive consumer utility results. By

contrast, when § ~ U|0, ], we have

1-G(6)  (0-8)(0-2)
g6 20 ’

(0) =6

which is positive if and only if § > 2. Thus, in the case where 6 > 2, Spence distortion
dominates, and insufficient consumer utility results.

In total, the overall welfare property of equilibrium consumer utility depends on the
relative sizes of diversion incentives and Spence distortions, and both excessive and insuf-

ficient consumer utilities arise under natural conditions.

7 Conclusion

In this study, I have examined platform competition when consumers and sellers multi-
home and platform compete for the usage with each other and direct channels. Platforms
have incentives to set too consumer utilities. Such excessively high consumer utility may
render the existence of platforms detrimental to welfare. In this regard, naive promo-
tion of competition, such as promoting the platform’s entry, may not improve the welfare
depending on the initial market structure. Alternatively, the policy that alters usage

mode from bundled usage to separate usage by lowering switching costs may be a better
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alternative.

There are several avenues for future research. First, allowing for an arbitrary hetero-
geneity in membership utilities generate the mixture of users that use different portfolios
of platforms. However, characterizing users’ optimal choice of the combination of the
platforms to join is in general intractable when the number of platforms exceeds two.
Finding a nice way to characterize users’ membership decisions would be interesting fu-
ture research. Second, bridging the bundled usage and separate usage by introducing the
economies of scope for usage enables us to analyze the condition under which the bundled

usage or the separate usage is likely, which is also an interesting avenue for future research.

Appendix

Proof of Proposition [I] Consider any subgame given a profile = of policies. I first show
that consumers’ gross utility from joining platforms is “quasi-concave” in the following

sense: For any P and 7 C P such that i € T, the following inequality

UP(u) — UPM3 () < U7 (u) — UTMH (u) (21)
holds.
Up(u) = Ug + Z/ (6 — Ug + uk)f(e)Hl;,,ng(e —up; + UBk)dG
kep U0k
:u0+/ (e—uo—i—ui)Zf(e—uk+ui)HF(e—ul+ui)d€ (22)
to— keP I1#j
:uo—l—/ ll—HF(e—uk+ui) de.
to—t keP

The equality in the second line follows from change of variables from € to ¢ — uy + u; for
each k£ € P, and the equality in the third line follows from integral by parts.

Thus, we have

UP (u) — UPM (u) = /OO H F(e —ug +u;)[1 — F(e)]de.

0 .
UpTUBI peP\{i}

25



Applying this equation, we have

UP(u) = UPM () = [U7 (u) = U\ (u)]

[e.e]

H Fle —up+u;) [1— H Fle—uj+uw;)| [l — F(e)]de <0,
YO~ peT\{i} JEP\T

which shows that the condition holds.

Next, I show that in any equilibrium, consumers and sellers join all the platforms.
Suppose that consumers join the set P C N of platforms and let i ¢ P. In this case,
platform i earns 0 profit. By setting P, = B = UPYHY () —UP(u) and T; = T, = diug(z;),

consumers choose the set P’ such that i € P’ because

max (U7 (u) — Pj| =U"(u) — P;
i, [0 -0 - -3
<UP) -} P - P,
jeP
< max |UTY(u) — P — P,
TCN\{i} (w) ]eZT !
Thus, the deviation to (P;,T}) gives the profit
/ HF(e—uquui)[l — F(e)]de + [v(u;) +7r(uz)]/ f(e) HF(e—uk—I—ui)de
wo—Ui pep U0 —Us keP
_ [ w1 — | vy 1O
= H F(e —u, +w)[1 — F(e)] |v(u;) + m(w;) + 1= F(e) de

U0l gep

is profitable for platform ¢ by Assumption[2] Therefore, in the equilibrium all consumers
join all the platforms. Given that all consumers join all the platforms, the maximal

membership fee each platform can charge is given by
P, = UN(u) — UM\ (u)

for all ¢ € N. Thus, the profile of membership fees (P;)jen that satisfies the above
condition is the equilibrium membership fees for consumers.

Similarly, sellers join all the platforms. Suppose that platform ¢ sets the membership
fee T; on the seller side such that sellers do not join platform ¢. Then, the platform earns
zero profit because its incremental value is 0. Deviating to T; = 0 attracts sellers to join
and increases the incremental value of platform i to consumers, which allows platforms

to increase P;, increasing the profit of platform ¢. Thus platforms set membership fees
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that induce all sellers to join. The maximal price that the platform can charge to sellers
is given by T; = d (u)v(u;) in the case of bundled usage.

Finally, I show that there is a unique symmetric participation equilibrium. To show
this, I show that the equation has the unique solution. By Assumption (1| we have
X(u,n) > 0 and x(@,n) < 0. Thus, showing that

OxE(uf n)
ou
9% (u”,n) i, B i, B (23)
_ .. n/ B ~ ou 1/, B 1/, B v (U )+7T (u )
=w (u )+ (I)(UB,’I’L)Q[U (U )+7T(’LL )] + (I)(UB,TL) <0

establishes that x(u,n) = 0 has a unique solution in (u,u7). Lemma 4 of |Zhou| (2017)
implies that 9®/0u > 0. Further we have w'(u?) < 0 and v(u?) +7(u?) > 0. To see this,
suppose to the contrary that w'(u?) > 0 or v(u?) + 7 (u?) < 0, then equation implies
that w'(u”) > 0 and v(u?)+7(u?) < 0. However, Assumption [I]implies that w is concave
and w'(u®?) < 0, a contradiction. Thus, we must have w'(u?) < 0 and v(u?) 4+ 7 (u?) > 0.
Finally, we have v'(u®) + 7'(u?) < 0 because w'(u?) < 0. These imply that all terms in
equation are non-positive and some are negative. This establishes that the solution
to equation is unique. ]

Proof of Proposition [2] The equilibrium pricing given the profile of consumer utilities
u is the same as that under bundled usage except for the incremental values for sellers,

which is given by

APVi(a) = VPP (w) VPP () = dF (w)o(u;)—vo] = Y [d7MH (w)—=d” (w)][v(u)—vo).
JjeP\{i}

I show that APV;(u) < ATV;(u) for alli € T C P C N, which establishes the sufficiency
of the seller membership fees T; = AV(u) for the participation equilibrium. This is
shown by observing that

APVi(u) = ATVi(u) = " d7 (v; —vo) = > _ d] (v; — vo)
JjEP JET
i T\{:
— Z d;P\{ }('Uj — ’Uo) + Z dj M }(’Uj — U())
JjeP\{i} JET\{i}
= — [d] — dl](vi — vo)
T\{¢ i
= Y [d] —dM —dP + dN (0 )
jePNT\{i}
= D @~ d7)(v; — wo)
JEP\T
<0
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which follows from the assumption that v; > vy by Assumption 3| and the facts that
d?" > dl for any P’ C P, and that

T _ g7\ P P\{i}

_/00 f(e) H F(e —up+uj) |1— H Fle —up+uj)| [1 — F(e —u; + uj)]de > 0

0 U kePNT\{j,i} k€eP\T

Thus, in a same way as the proof of Proposition [l the equilibrium membership fees for
sellers can be characterized by the incremental value T; = AV, (u).
As a result, each platform’s choice of consumer utility wu; is given by . Then, the

first-order condition for the symmetric equilibrium consumer utility is given by equation

(13).

Proof of Proposition Pick any value u® that satisfy equation (13). Evaluating
xZ(u®,n), we have
B, n) = Uu®, n)v(u®) + Uo(u®,n)vy > 0.

Then, xZ(u,n) > 0 implies that u* < u”.

Proof of Proposition @ By equation , if w'(u) = 0 for all u € [u, @], u? is uniquely
determined by v(u?)+7(u®?) = 0. Thus, u? is independent of n. Noting that [Zhou| (2017)

B is increasing in n if w'(u®) # 0.

shows that ®(u,n) is decreasing in n, u
Proof of Proposition [6] The fact that W (n) — W(0) is decreasing in vy, and that
MAaXyye(0,e—c+5u+6,] LW (1) — W(0)} = fco_oéqu(e —c+ 8y + 6)nf(e)F(e)" tde, and that
Minyoeo,c—c+s,45,]{W (n) = W(0)} = [Z(e)nf(€)F(e)" " de + 6, + b, — ¢ immediately im-
plies the result. )

Next, I show that W (n) is U-shaped. By integral by parts and some manipulations, we

have

[e.9]

IWM):Pm+F®—5w—&—v@%m+/

Cc—0y—0y—10

11— F(e)"]de] :
Then, we have

Wmm:P%w@—%—@—%mm—%—@—%w%—/

c—0y—0y—10

log[F(e)]F(e)”de}

28



Suppose that there exists 7 such that W’(7) = 0. Then, we have

W"(h) = / log[F(€)]{log[F(c — 6y — 0, — vg)] — log[F(€)] } F'(¢)"de > 0.
c—0y—0y—v0
Thus, if there exists 7 such that W/ (R) = 0, W’(n) > 0 for all n > 7 and W’(n) < 0 for

all n < n.

Proof of Proposition [7] Note that if all policies are symmetric and given by z, the
expression for the social welfare is the same before and after the merger. Then, showing
that u® < uM < u? establishes the proposition. To show that «™ < u?, by comparison
between equations and (19), it suffices to show that ®(u,n) < ®(u,n), which is

shown by the following relations:

qu:_u f(e)F(e)" de

) = e =) o — 0y + [, FPF (e
B 1 — F(up —u)”
nf(uy — u)F(ug — u) + ”qu:—u f(€)2F (e)n2de
_ 1— F(up —u)"
nf(ug — u)F(ug —u)*t

= oM (u,n).

Next, I show that u® < u™. To see this, remember that u® is given by solving W (u)/0z;
for all i € N, where OW (u)/0x; is given by equation . This can be rewritten as

OM (u, n)w' (u) + v(u) + m(u) — vy = 0.
Thus, u is decreasing in vy, and u™ equals u® at vy = 0. Thus, u® < uM.

Proof of Proposition I show that when K € [K , K), welfare is lower with potential
entrant than without no potential entrant. The welfare in the case where platform E does

not enter and platform I sets consumer utility u; is given by

[e.o]

WM(’LL[) = |:U()+U0—|—/ (6+6u+(5v —C)f(E)dE s
ug—ugs
which has the derivative W}, (u;) = —f(uo — ur)(ug — uy + 9y + 6, — ¢). Thus, for all
ur < ug+ 0y + 0, — ¢ = u?, we have Wj,(ur) < 0. The fact that @(K) < u? < u® implies
that Wy (a(K)) < War(u®), which shows that the welfare is lower with potential entrant

than without potential entrant.
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Proof of Proposition @ Applying the implicit function theorem to equation , we
have

sign (1/(A)) = sign (—% _ é / () defo(u) + W(u)]> < 0.

Analysis of Example Suppose that n = 1 and F(e) = 1 — exp(—Ae). Then, the

equilibrium condition for z* can be written as

1 — (1 —-0(uP)k =0.

_p_S(l _:07r) _ K l+ﬁ[p7r+9(uB)2<l—pﬂ)]
cs(1—py,)  OuB)es(l—pu)| A 2

In this case, the likelihood of entry, 1 — #(u®) is increasing in ¢s, decreasing in p,, and

increasing in p;. 1 — 0(u?) increases with ps if and only if x > & for some &. To see this,

let 7 := 1 — @(u?). Then, x increases with x if and only if

(1_p7r) +p7r—|—(1—l‘)2<l—p7r)

— > 0.
A5(1 — py) 2
Let 7 :=1— \//\a(f—pu) — 1f’;ﬁ. Then, the above condition can be written as x < z. Such
condition holds when x > & for some k. At &, we have
k 1
1— — ——zh=0
[ I-desd—p)x "

k is increasing in p,
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Comparisons of Output Subsidy and R&D Subsidy in a Differentiated Market
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Abstract

This study compares Cournot and Bertrand competition with R&D investment under government
policies between output and R&D subsidies. We show that firms invest more (less) R&D and the
government grants more (less) subsidies under Cournot than Bertrand competition with output (R&D)
subsidy policies. We also show that Cournot and Bertrand competitions yield the same welfare with
output subsidy while Bertrand yields higher welfare than Cournot with R&D subsidy irrespective of
products substitutability. Finally, we show that firms’ profits and social welfare are always higher under
output subsidies in Cournot competition, while those can be higher under R&D subsidies in Bertrand

competition if the products substitutability is high and the firm’s R&D investment is efficient.

JEL Classifications: L13, H20
Keywords: Cournot competition; Bertrand competition; R&D investment; Output Subsidy; R&D

subsidy

1. Introduction

Comparisons between Cournot and Bertrand competition in a differentiated product duopoly
market have been popular in the literature of oligopoly theory since Dixit (1979) and Singh and Vives
(1984). Recent studies have also examined the relationship between different market structures and
R&D (research and development) activities. Qiu (1997) considered a process R&D with cost-reducing
activities and showed that Cournot induces more R&D effort than Bertrand but price is lower and output
is larger in Bertrand than Cournot. Kabiraj and Roy (2002) considered different marginal costs and
showed that Cournot firms invest a larger amount on R&D than Bertrand firms but Cournot price can
be less than Bertrand price when the R&D technology is relatively inefficient. Hinloopen and
Vandekerckhove (2009) considered the efficiency of R&D that generates input spillovers and showed

that Cournot firms invest more in R&D than Bertrand but Cournot can yield lower prices than Bertrand



when the R&D process is efficient, spillovers are substantial, and products are less differentiated. Basak
and Wang (2019) also studied R&D competition in a mixed duopoly where the public firm competes
with a private firm. They showed that the public firm invests more R&D than the private firm and
Bertrand is the equilibrium of endogenous choice between Bertrand and Cournot.

However, all these previous works did not consider the effect of R&D policy. Due to the world-
wide trends of globalization and innovations, oligopolistic firms have intensified market competition
and thus policy makers have enacted various policies to encourage R&D activities.! Recently, a number
of studies also have assessed the welfare consequences of R&D activities in the light of governmental
intervention.? The extensive studies on R&D incentives and policy implications for innovation under
imperfect competition are contemporary and practical.

This study examines and compares output and R&D subsidy policies between Cournot and
Bertrand competitions with R&D activities. We show that (i) firms invest more (less) R&D and the
government grants more (less) subsidies under Cournot than Bertrand competition with output (R&D)
subsidy policies; (ii) Cournot and Bertrand competitions yield the same social welfare with output
subsidy policies while Bertrand competition yields higher social welfare than Cournot competition with
R&D subsidy policies; (iii) firms’ profits and social welfare are always higher under output subsidies
in Cournot competition, while they can be higher under R&D subsidies in Bertrand competition if the
products substitutability is high and the R&D investment of firms is efficient.

The remainder of this paper is organized as follows. In Section 2, we formulate a differentiated
duopoly model with R&D where the government can grant an output or an R&D subsidy policy. We

compare the equilibrium results with output or R&D subsidy under Cournot and Bertrand competitions

! For example, EU institutions have reaffirmed their commitment to R&D policies and consequently, the budgets
of the research Framework Programs (FPs) have grown exponentially, from EUR 3.3 billion in the first FP,
launched in 1984, to EUR 80 billion of Horizon 2020. Further, the Research, Innovation and Science Policy
Experts (RISE) high-level group, created in 2014, has proposed double this budget or, at least, the maintenance
of this growth rate, which would lead to a 7-year budget of more than EUR 120 billion in current prices for the
next period. For more details, see Miyagiwa and Ohno (2002), Marinucci (2012), and Chen et al. (2021).

2 For early discussions, see d’Aspremont and Jacquemin (1988), Kamien et al. (1992), Poyago-Theotoky (1995,
1998, 1999), Lee (1998) and Beath et al. (1998), among others. Recent works extend the analysis into different
directions. For example, in a Cournot competition, Yang and Nie (2015) and Lee and Muminov (2020) studied
R&D subsidies with asymmetric information while Kesavayuth and Zikos (2013) and Lee et al. (2017) compared

output and R&D subsidy policies in a mixed market.



in Section 3 and 4, respectively. In Section 5 we compare the social welfare under the two subsidy

policies and discuss policy implications. Finally, we conclude in Section 6.

2. The Basic model

Consider a duopoly market where two firms produce differentiated commodities where a quasi-
linear utility function of the representative consumer is denoted by U =a(q, + q;) —

(q12+2bq1q2+q2%)
2

+ m, where a is a positive constant, m is the consumption of the outside goods, g;
denotes the quantity of the good i, which is produced by the firms, respectively, and b € (0,1)
represents the degree of product substitutability. The inverse demand function is p; = a — q; — bqj,
(i,j = 1,2;i # j), where p; is the price of good i. Then, consumer surplus is CS = U — p1q; — P2q2-

We assume that firms invest R&D in order to reduce the cost of production. In specific, the cost

function for firm i is denoted as C; = (¢ — x;)q; where x; is the R&D investment of firm i and a >

¢ > x; > 0. Each firm has to spend I'(x;) = %xiz to implement cost-reducing R&D where the R&D

investment causes decreasing returns to scale and r represents the efficiency of R&D investment.
We assume that government grants output or R&D subsidies, s” or s®, respectively, where the

superscript P denotes production output subsidy and the superscript R denotes an R&D subsidy. The
profit function for firm i is denoted by m; = p;q; — (¢ — x;)q; — gxlz + sPq; + sRx;. The social

welfare is defined as the sum of consumer surplus and firms’ profits minus total output subsidy, which
is given as: W = CS + Y2, m; — Y&, sPq; — X2, sRx;. We assume that both firms maximize their
own profits while the government maximizes the welfare.®

As a benchmark, we can obtain the first-best outcome, which yields that highest welfare from the

direct allocation of the output productions and R&D investments.

XF = a—c F_ (a-or F _ —a+(1+b)cr F _ (a—c)%r (1)
U rgbr-1 0T rgbr-1 BT rgbr-1 T rtbr-1
Since there is no strategic interaction, i.e., a—i’_ =0 (i,j = 1,2;i # j), the first-best R&D allocation is
L

3 We will focus on the comparison between an output subsidy of {s¥ > 0 and s® = 0} and an R&D subsidy of
{sP =0 and or s® > 0} under Cournot or Bertrand competition, respectively. Note that the first-best outcome
can be obtained by policy mix of {s¥ # 0 and s® # 0}. Appendix B provides regularity conditions and detailed

analysis for comparisons.



. . ow . . .
determined at the marginal where T =i X = 0. Notice also that x;q; — gxlz = gxiz, in which

net benefit of R&D in the LHS (total R&D outputs for reducing unit cost minus total R&D expenditures)
is positive and equals to the total R&D expenditures in the RHS.

In this analysis, we compare the equilibrium outcomes between Cournot or Bertrand competition
under output and R&D subsidies, respectively, when both firms invest R&D. The game structure runs
as follows. In the first stage, government grants output or R&D subsidies to maximize the social welfare.
In the second stage, both firms decide R&D investment independently and simultaneously to maximize

their own profits. In the third stage, both firms compete in Cournot or Bertrand competitions. We solve

the subgame perfect Nash equilibrium by backward induction.
3. Analysis with output subsidy policies

We first analyze and compare the equilibrium outcomes under output subsidies between Cournot or

Bertrand competition when both firms invest R&D.
3.1 Cournot competition

In the third stage, both firms choose quantities. The equilibrium quantities are as follows:

_2(@a—c+s"+x)—b@a—c+s"+x)

In the second stage, both firms choose R&D investments. The equilibrium results are as follows:*
4(a—c+sP)
Xi (3)

“2Z-b)(Z+Db)2r—4

In the first stage, the maximization of social welfare with respect to s? yields the following

optimal output subsidy:

_(a—o@e6r+ b4Er — 4b%(1 + 21)) @

where E =8b%(1—1)—16(1—7) + 16br — 8b3r + b*r + b°r >0 and the superscript “CP”

SCP

denotes the equilibrium outcomes under production output subsidy policies in Cournot competition.

4 From the reaction function of each firm under Cournot competition, we can see R&D investments are strategic
substitutes for both firms. However, output subsidies monotonically increase both quantities and R&D

investments of Cournot firms.



Under the regularity conditions, we have the following equilibrium outcomes:®

4@ -bH@-o

xi” G )
46 = (4 — bz);(a —o)r ©
peP = (1+b)(4— bz);cr —8a(2 — b?) )
nCP = (4 —b*?*(a- C);((4 — b -8) ®)
I G bZ)ZE(a —¢)%r ©

We compare the results with no subsidy where the superscript “C” denotes the equilibrium outcomes
under no subsidy in Cournot competition, and the first-best outcome, where the superscript “F”” denotes
the optimal levels that the government directly determines to maximize the welfare.® Figure 1 shows
the graphical relations between equilibria under Cournot competition.”

qi,

qF

CcP
q;

q;

/ﬁiS“ | | :

Figure 1: output subsidy vs. no subsidy under Cournot competition

5 In Appendix A, according to Hinloopen and Vandekerckhove (2009), we provide regularity conditions under
Cournot or Bertrand competition where the second-order conditions, positive post-innovation costs and the stable
equilibrium are examined.
& Some necessary proofs of propositions and lemmas are provided in Appendix C while others are straight-
forward and thus omitted.

7 In the followings, we set ¥ = 1 and a — ¢ = 1 in all the figures.



Lemma 1. xF > xF > xf, qf > qfF > qf,and WF > W > W€ for b € (0,1).

It states that output subsidies increase not only R&D investments but outputs of the firms, which

increase social welfare, compared to no subsidy, but induce under-production and over-investment to

Cournot firms, compared to the first-best, which results in welfare loss. This is because the strategic
aq; om;

effect of R&D to the output is positive under Cournot competition, i.e., 9% 90, >0 (i,j=12i#)),
i94qj

while the outputs are strategic substitutes.’
3.2 Bertrand competition

In the third stage, both firms choose price where the demand function for firm 7 is given as q; =

%. The equilibrium prices are as follows:
a(2—b—b*) + (2+b)c — 25" — bs® —2x; — bx;
In the second stage, both firms choose R&D investments. The equilibrium results are as follows:®
22 -b»(a—c+sP)
Xi = (11)
b%2(2 — 6r) + 8r + 4br — b3r + b*r — 4

In the first stage, the maximization of social welfare with respect to s? yields the following

optimal output subsidy:

PP — (a—c)(16r — b*(2 — 9;) — bor + 4b%(1 — 61)) (12)

where the superscript “BP” denotes the equilibrium outcomes under output subsidy policies in Bertrand
competition.

Under the regularity conditions, we have the following equilibrium outcomes:

XBP = 2(4—b2)(2E— b*)(a - c) (13)

qu _ (4 - bz);(a —-or (14)

8 See Qiu (1997) and Hinloopen and Vandekerckhove (2009) for discussion on the strategic effects of R&D
between Cournot and Bertrand competitions. The positive strategic effect leads to over-investment in the absence
of spillovers, see Brander and Spencer (1983).

° From the reaction function of each firm under Bertrand competition, we can see R&D investments are strategic
substitutes for both firms. However, output subsidies monotonically increase both quantities and R&D

investments of Bertrand firms.



_ (1 +b)(4 - b»2cr —8a(2 — b?)

pf* £ (15)

P = (4 —b?»?(a—c)*r(b*(2 - 91‘)}5—2 8 + 161 — b°r + 8b2(1 — 3r)) (16)
L p2N2( _ 2

WP — 4-> )E(a c)°r (17)

We compare the results with no subsidy where the superscript “B” denotes the equilibrium outcomes
under no subsidy in Cournot competition, and the first-best outcome. Figure 2 shows the graphical

relations between equilibria under Bertrand competition.

qi,
qF |
quP _____________________________________
]
450 | X,
xf xfp xF L

Figure 2: output subsidy vs. no subsidy under Bertrand competition
Lemma 2. xf > xP? > xP, qf > qP" > qP,and WF > WBP > W5 for b € (0,1).

It states that output subsidies increase not only R&D investments but outputs of the firms, which

increase social welfare, compared to no subsidy, but induce both under-production and under-

investment to Bertrand firms, compared to the first-best, which results in welfare loss. This is because
opj om;

the strategic effect of R&D to the output is negative under Bertrand competition, i.e., 97 0p <0
LOPj

(i,j = 1,2;i # j), while the prices are strategic complements.

3.3 Comparisons



We compare the Cournot and Bertrand competitions under output subsidies. Figure 3 combines
Figure 1 and 2, and shows the graphical relations between Cournot and Bertrand competitions. It
represents that output subsidies increase R&D investments and outputs in both Cournot and Bertrand
firms, compared to no subsidies, but the R&D investments exceeds the first-best in Cournot but less

than the first-best in Bertrand competition.

q; o

F Y

qF

BP_ .CP
i —4;

qi
qi

45°

B C BP F ..CP t
i

Figure 3: Welfare comparisons under output subsidies
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R
e
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Proposition 1. s¢? > s8P > 0 for b € (0,1).

It states that the government grants more output subsidies to Cournot firms than Bertrand firms. In the
absence of output subsidies, it is well-known that Cournot firms produce less outputs than Bertrand
firms due to the strategic effects between quantities and prices, but undertake more R&D.® Under
quantity competition with strategic substitutes, output subsidies can induce Cournot firms to undertake
R&D more aggressively, which reduces its marginal cost and thus a firm can increase outputs which in
turn decreases the output of rival firm and increase its profit. Under price competition with strategic

complements, if a Bertrand firm with output subsidies aggressively undertakes R&D, which reduces its

10 For more explanations on the strategic effects, see Singh and Vives (1984) for the case without R&D and Qiu
(1997) for the case with R&D activities.



marginal cost, then it increases its outputs and reduces its price which in turn reduces the price of rival
firm. Then, more R&D can reduce the profit of the firm by undercutting the prices. Therefore, the
government has an incentive to provide more output subsidy to Cournot firms, which can affect

allocation efficiency by encouraging output production decisions.
Proposition 2. xiCP > xBP for b € (0,1).

It states that Cournot firms undertake more R&D and thus lower production cost under output subsidies.
This finding confirms the previous result in the absence of output subsidies (Qiu, 1997; Hinloopen and
Vandekerckhove, 2009). In the presence of output subsidy, it is interesting to see that both Cournot and
Bertrand firms’ incentives to undertake more R&D investments but that of Cournot firms is much higher,
which can also induce over-investment, compared to the first-best, to reduce its cost and produce more

outputs to earn more profits.
Proposition 3. g7 = qF* and pf? = pP? for b € (0,1).

It is interesting to find that output subsidies make outputs and prices be the same under Cournot and
Bertrand firms even though the government induces Cournot firms to undertake more R&D. We can
explain these results. First, it is noteworthy that when firms do not invest R&D, the quantities and prices
of firms are the same under both Cournot and Bertrand competitions if there are optimal output subsidy
policies and both firms have the same cost.!! Second, we can show that the net benefits from R&D
between Cournot and Bertrand firms are the same and positive under the output subsidies, i.e.,

cP,CP _T(.CP\2 _ _BP,BP _
Xi q; —g(xi ) =x"q;

2 .. . :
%(xfp ) . This is because output subsidies have opposite effects on
the R&D decisions of the firms, i.e., the strategic effect of R&D to the Cournot firms is positive, i.e.,

94 om;
axi an'

9p; om;

x99 < 0. Since both

> 0 while the effect of R&D to the Bertrand firms is negative, i.e.

effects are off-set so that the net benefits from R&D are the same under the output subsidies. This results

in that the quantities and prices can be also the same in both Cournot and Bertrand competitions.'?

11 Regarding the efficiency properties of output subsidies, Kim and Lee (1995) and Lee (1997) analyzed the
different oligopolistic incentives under asymmetric information and showed that output subsidies can still obtain
the first-best allocation.

12 Note that this result holds under the linear marginal cost between the firms. If we consider a quadratic cost
9



Therefore, output subsidies can rearrange firms’ production efficiency to redistribute the allocations of
firms’ outputs, given different levels of R&D investments.®® This result also implies that consumer

surplus under Cournot firms are same as that under Bertrand firms.
L cP BP
Proposition 4. ;" > n;" for b € (0,1).

It states that Cournot firm gains more profit since it undertakes more R&D (to reduce the unit cost) and
earn more output subsidy, which induces the less unit cost of output production under the same prices
and quantities with Bertrand firms. This finding implies that irrespective of product substitutability,
Cournot competition can be an equilibrium if firms can choose market mode between quantity and price

competitions.**
Proposition 5. WP = W5P for b € (0,1).

It is also interesting to find that both Cournot and Bertrand firms yield the same welfare under output
subsidies. From Proposition 3, the same consumer surplus between both Cournot and Bertrand
competitions while the effect of output subsidies to the profits of both firms is exactly off-set in the

social welfare even though Cournot firm gains more profit.
4. Analysis with R&D subsidy policies

We also analyze and compare the equilibrium outcomes under R&D subsidies between Cournot or

Bertrand competition when both firms invest R&D.
4.1 Cournot competition

In the third stage, the equilibrium quantities are as follows:

B (a—c)(2—b)+ 2x; — bx;

between the firms, however, it does not hold even under output subsidies.
13 Note also that under the same R&D activities, e.g., if x; = x!', output subsidies can attain the first-best outputs

irrespective of Cournot or Bertrand competition. However, under the different R&D activities, output subsidies
can yield the same output which is lower than the first-best outputs irrespective of Cournot or Bertrand competition.
14 See Hickner (2000), Symeonidis (2003), Matsumura and Ogawa (2012), and Basak (2017) for some related

discussions on the endogenous choice of market structure.
10



In the second stage, the equilibrium R&D investments are as follows:*®

_4(a—c)+(2-b)(2+ b)*s®
T 2@+ b)ir -4

(19)
In the first stage, the maximization of social welfare with respect to s® yields the output subsidy

as follows:
_ A-b)2+Db)(a—o)r
B (2-h)M

sCR (20)

where the superscript “CR” denotes the equilibrium outcomes under R&D subsidy policies in Cournot
competition and M = 4r + b%r — b(1 —4r) — 3 > 0.

Then the resulting equilibrium outcomes are given as follows:

CR _ BB+ b)(a—c0)

% M (21)

qCR = 2+ b)j\(/la —-or 22

pCR = (2+3b+b*)cr + a(];:s +b(—1+471)+2r) 23
_(a=c)?*r(6+b(5—8r) —16r +4b*(1+71) + b>(1 + 2))

= 2(=2 + b)M? (24)

_B+b)(a—-o)’r

WCR
M

(25)

Figure 4 shows the graphical relations between equilibria under Cournot competition.

5 From the reaction function of each firm under Cournot competition, we can see R&D investments are strategic
substitutes for both firms. However, R&D subsidies monotonically increase both quantities and R&D investments

of Cournot firms.
11
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Figure 4: R&D subsidy vs. no subsidy under Cournot competition
Lemma 3. x/ > xR > xf, qf > qf® > qf,and WF > WR > W¢ for b € (0,1).

It states that R&D subsidies increase not only R&D investments but outputs of the firms, which increase
social welfare, compared to no subsidy, but induce both under-production and under-investment to

Cournot firms, compared to the first-best, which results in welfare loss. This is also because the strategic

94; om;

effect of R&D to the output is positive under Cournot competition, i.e., ox; 90,
i 94

>0 (i,j = 1,2 # ),

while the outputs are strategic substitutes.
4.2 Bertrand competition

In this case, the equilibrium prices are as follows:

_a(—-b—=b*)+ 2+ b)c—2x; — bx,

In the second stage, the equilibrium R&D investments are as follows:*®
22— b?)(a—c)+ (2—=b)?>(2+3b + b?)sk @7

XU T 22— 6r) + 8r + 4br — bor + bir — 4

16 From the reaction function of each firm under Bertrand competition, we can see R&D investments are strategic
substitutes for both firms. However, output subsidies monotonically increase both quantities and R&D

investments of Bertrand firms.
12



In the first stage, the maximization of social welfare with respect to s® yields the output subsidy:
_@2-Db)(a-or
~ (2+b)H

BR

(28)
where the superscript “BR” denotes the equilibrium outcomes under R&D subsidy policies in Bertrand
competition and H = 2b + 4r — 3b%r + b3r — 3 > 0.

The resulting equilibrium outcomes are given as follows:

e _ 3=2h)@=0)

PR = o (29)
2-b)(a—o)r

q’® = i (30)
sr  (2+b—=b*)cr+a(=3+b(2—1)+2r —2b*r + br)

pi = T (31)
Br _ (a—c)?r(16r+4b*r—2b5r+4b2(2-51)+b(1-871)—6—b>(4—107))

T = 2(2+b)H? (32)

3 —2b)(a—c)*r

H

Figure 5 shows the graphical relations between equilibria under Bertrand competition.
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Figure 5: R&D subsidy vs. no subsidy under Bertrand competition
Lemma 4. xf > xPR > xP, qf > qPR > qP and WF > WBR > W5 for b € (0,1).

It states that R&D subsidies increase not only R&D investments but outputs of the firms, which increase
13



social welfare, compared to no subsidy, but induce both under-production and under-investment to
Bertrand firms, compared to the first-best, which results in welfare loss. This is also because the
9p; om;

strategic effect of R&D to the output is negative under Bertrand competition, i.e., 9% 9p1 <0 (i,j=
3 J

1,2;i # j), while the prices are strategic complements.

4.3 Comparisons
We compare the Cournot and Bertrand competitions under R&D subsidies. Figure 6 combines
Figure 4 and 5, and shows the graphical relations between Cournot and Bertrand competitions. It
represents that R&D subsidies increase R&D investments and outputs in both Cournot and Bertrand
firms, compared to no subsidies. With R&D subsidy policies, however, the R&D investments are less

than the first-best in both Cournot and Bertrand competition.

Pl

{45°

Figure 6: Welfare comparisons under R&D subsidies

Proposition 6. sBR > s¢® > 0 for b € (0,1).

It states that the government grants less R&D subsidies to Cournot firms than Bertrand firms. This is

contrary to the results with output subsidy policies (Proposition 1). In the absence of R&D subsidies,
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Bertrand firms invest lower R&D than Cournot firms, which are also lower than the first-best. In order
to increase R&D directly, contrary to output subsidy policies, the government has an incentive to

provide more R&D subsidies to Bertrand firms to increase social welfare.
Proposition 7. x‘% < xBR for b € (0,1).

It states that Bertrand firms undertake more R&D and thus lower production cost under R&D subsidies.
This is also contrary to the results with output subsidy policies (Proposition 2). Even though Bertrand
firm can reduce its cost and produce more outputs to earn more profits under R&D subsidies, it chooses

under-investment, compared to the first-best.
Proposition 8. ‘% < ¢P® and pf® > pBR for b € (0,1).

It states that R&D subsidies can induce Bertrand firms to produce more outputs and less prices than
those of Cournot firms since the government induces Bertrand firms to undertake more R&D. This is

also contrary to the results with output subsidy policies (Proposition 3). Note that 0 < xfRqFR —

g (xiCR)Z < xPRqBR — g (xéB R)Z. Even though R&D output subsidies have opposite effects on the R&D

decisions of the firms, both effects are not off-set so that the net benefits from R&D with Bertrand firms
higher than that with Cournot firms. This results in that outputs (prices) with Bertrand firm higher (lower)
than those with Cournot firms under R&D subsidies. This result also implies that consumer surplus is

higher under Bertrand competition.

Proposition 9. If b > b,, then niCR > nfR; however, if b < b,, then there exists 7 so that thR EﬂiCR

if r E 7, where b, is provided in the Appendix.

It states that the profits of Cournot firms are higher than Bertrand firms if the product substitutability is
high, while it will be lower than Bertrand firms if the product substitutability is low and R&D
investment of firms is relatively efficient. It implies that depending on the substitutability and the
efficiency of R&D investment, Cournot or Bertrand competition can be an equilibrium if both firms
choose competition mode between quantity and price competitions.

We can explain these results. First, note that both output and R&D subsidies increase the outputs and

15



R&D investments of the firms under both Cournot and Bertrand competition. On the one hand, we have

that

dsCR aqfR
d

5 < 0 and < 0 for any b. Thus, lower substitutability increases output subsidy, which

increases the outputs of Cournot firms. However, Bertrand firms are more sensitive to the product
substitutability, which induces Bertrand firms to set a lower price than Cournot firms. Therefore, if the

product substitutability is high enough, Cournot firms will earn more profit than Bertrand firms.}” On

. dsBR > aqPR> . > .
the other hand, it can be showed that WZO and W;O if bzbz- Thus, if the product

substitutability is high (for a larger b), higher substitutability increases R&D subsidy, which increases
the output of Bertrand firms. Therefore, if the product substitutability is high enough, Bertrand firms to
set a lower price than Cournot firms and Cournot firms will earn more profit than Bertrand firms.
However, if the product substitutability is low (for a smaller b), then higher substitutability decreases
R&D subsidies, which also decrease the outputs of both Cournot and Bertrand firms. Still Bertrand
firms have a higher subsidy (see proposition 6), if firms invest R&D efficiently (lower ), then Bertrand
firms will earn more profit than Cournot firms. In contrary, if firms invest R&D inefficiently (higher 7),
then Bertrand firms will face more cost loss because they invest more R&D than Cournot firms (see
proposition 7). Therefore, Cournot firms will earn more profit again than Bertrand firms if R&D

investment is inefficient.
Proposition 10. Wk < WBR for b € (0,1).

It states that Bertrand competition yields higher social welfare than Cournot with R&D subsidy policies.
This is also contrary to the results with output subsidies (Proposition 5). This is because consumer
surplus is always higher under Bertrand competition, which overweigh the profit changes. This finding
implies that irrespective of product substitutability, the society is better off under Bertrand competition

if the government can choose market mode between quantity and price competitions.
5. Discussions

We now compare the equilibrium outcomes between output and R&D subsidy policies with Cournot or

Bertrand firms, respectively.

17" See also Tremblay and Tremblay (2011), Correa-Lopez and Naylor (2004), among others.
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Proposition 11.

. > . < 4a+c-V16a?-8ac+9c?

(i) s¢P > sCR and sBP=gBR if p=b; = .
< > 2c

.. > . <

(i) xfP > xfR and xfpzfo if b;b3;

(i)  qff > qfR and qP? > qP® for b € (0,1).

It states that under Cournot competition the government always sets higher output subsidy to Cournot
firms, compared to R&D subsidies, which induce higher outputs and R&D investments to the Cournot
firms. However, under Bertrand competition, the government sets higher output subsidy to Bertrand
firms if the product substitutability is low. Thus, Bertrand firms always produce more output under
output subsidies but they might undertake less R&D under output subsidy if the product substitutability
is high.

Finally, we compare the profits and welfares between output and R&D subsidies under Cournot or
Bertrand competition, respectively. It is difficult to find the explicit ranges that support regularity
conditions and thus we provide a simulation in Appendix and test the specific numbers as examples.

From the numerical simulation, we can provide the following propositions.

Proposition 12.
0] P > néR for b € (0,1) and PP > PR if b < b;. However, if b > bs, then there
exists b > by and # such that mP? < nPR if b > b and r <7, while nfF > nBR if
b<b and r > 7.
(ii) WP >WER for b e (0,1) and WBP > WBR if b < by. However, if b > by, then
there exists a large b > b; and 7 so that WB? < WBR if b > b and r < 7, while

WBP > WBR if b< b and r > 7.

Propositions 12 state that output subsidy policies to Cournot firms always yield higher profits and social
welfare than R&D subsidy policies. This result with quantity competition confirms the finding in
Kesavayuth and Zikos (2013) and Lee et al. (2017) who examined Cournot duopoly with homogeneous
products but the firms’ objectives might be different. However, Bertrand firms in price competition

shows that the effect of the subsidy policies depends on the products substitutability and the efficiency
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of R&D investment. When the substitutability is high and the R&D investment of firms is efficient

(lower 1), less marginal cost is more beneficial and thus, R&D subsidy policies play a more important

role to improve firms’ profits and the social welfare. However, when the products substitutability is low
and the R&D investment of firms is inefficient (higher 7), more production is more beneficial and thus,

output subsidy policies can improve firms’ profits and the social welfare.

6. Conclusions

This study examined and compared the effects of output and R&D subsidy policies on the
competition mode between Cournot and Bertrand in a differentiated product duopoly market. We
showed that firms invest more R&D and the government grants more subsidies under Cournot than
Bertrand with output subsidies, but the results are reversed with R&D subsidies. We also showed that
firms earn more profits under Cournot than Bertrand with output subsidy while the profits of firms are
higher (lower) under Cournot than Bertrand if the efficiency of firms’ R&D investment is high (low)
with R&D subsidy. As a result, the social welfares are the same in both Cournot than Bertrand
competitions with output subsidy policies, while the social welfare is always lower under Cournot than
Bertrand competition. Finally, we show that firms’ profits and social welfare are always higher under

output subsidies in Cournot competition, while they can be higher under R&D subsidies in Bertrand
competition if the products substitutability is high and the R&D investment of firms is efficient.

There are some topics for future research. First, we can extend this model into an oligopolistic
competition.’® Second, we can consider the effect of R&D spillovers. Finally, we can examine a mixed

. We leave them for further research.

market where the objectives between the firms are differen
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Appendix A. Regularity conditions

According to Hinloopen and Vandekerckhove (2009), we consider regularity conditions which include
the second-order conditions, positive post-innovation costs and the stable equilibrium.
First, under output subsidy policies, the second-order conditions under Cournot and Bertrand

competition require, respectively:

8
r> —(4 ~p7)? (RD)
122
2(2 —-b*) R2)

(4 —b?)?(1—b?)
Positive post-innovation costs (¢ — x; > 0) under Cournot and Bertrand competition require,

respectively:

4(a(4 — b?) — b%0)

(1+b)(4—b?)%c (R3)
2(2 — b2 4 — b?%) + b?
(2 - b¥)(a(d = b?) + b%0) Ra)
(1+b)(4—b?)?%c
Stability conditions under Cournot competition require:
> * R5
"7 @-b2E+b) (RS)
8a(2 — b?
a( ) (R6)

(1+ b)(4 — b?)%c
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Stability conditions under Bertrand competition require:

2(2 - b?
"2 2Tb)22-3b+bD) (R7)
8a(2 — b?)
" AT b4 - bD)lc (R8)

Second, under R&D subsidy policies, the second-order conditions under Cournot and Bertrand

competition require, respectively:

8

T G-y (R9)
2(2 — b?)?

> VR =5 (R10)

Positive post-innovation costs (¢ — x; > 0) under Cournot and Bertrand competition require,

respectively:
r> M (R11)
(2 + b)%c
> 2B —2b) (R12)
(—2+b)?(1 + b)c
Stability conditions under Cournot competition require:
4
"> 22 b (R13)
a(3+b) (R14)
(2+Db)(a+c+ bc)
Stability conditions under Bertrand competition require:
r> 22-b%) (R15)
(2+b)?(2—-3b +b?)
r> a3 — 2b) (R16)
2+ b—->b%)(a(1—-b)+c)

Appendix B. The First-best outcome and comparisons

First, the first-best outcome can be directly obtained by the optimal choices of outputs and R&D

investments from the welfare function:

F a—c F_ (a—or g _ —a+(@+b)cr F_ (a—0)?r
t r+br—1" 1t r+br-1 F1 r+br-1 ’ r+br—1

X

Then, regularity conditions under the first-best are as follows:

(B1) The second-order condition require: r > (R17)

1-b?

(B2) Positive post-innovation costs require: r > (R18)

c+bc
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(B3) Stability conditions require: r > ﬁ (R19)

Second, we compare the equilibrium outcomes with the first-best outcome in Figure 3 and 6,

respectively. According to R17 to R19, we obtain the ranges of r and b when comparing equilibrium

. . - 1. - . o
outcomes with first-best outcomes: 7 > —— if b < =<, r >— if b > =< With output subsidies
c+bc a+c 1-b a+c

in Figure 3, it is straight-forward to show: qf > qff = qBP > qf > qf while xf? > xF' > xBP >
xf > xPB. With R&D subsidies in Figure 6, it is also straight-forward to show: qf > ¢?R > qf® >
g > qf while xf > xPR > xR > xf > x5,

Finally, we confirm that policy mix of output and R&D subsidies can achieve the first-best outcomes
in Cournot and Bertrand competitions, respectively. On the one hand, the policy mix equilibrium

outcomes in Cournot competition are as follows:

-b?%(a-o)r

cp _ _(a—or CR _
Sy = >0, syt = <0

M —1+7r+br > M (4-b2)(r+br-1)

c a-c F C (a=o)r F _C —a+(1+b)cr F c (a—c)*r F
x. = ——-: == x- . = —---:_= . . = — = . W = —--=

M= Tirepr . i diM T T, T i Piv ~1+7+br L2 M T _q4r4br

where subscript “M” denotes the outcomes with policy mix. Note that the government grants output

subsidies but levies R&D taxes in Cournot competition.?

On the other hand, the policy mix equilibrium outcomes in Bertrand competition are as follows:

b%(a-c)r

BP (a=o)r BR
Sy =————>0, sjff =—————>0

M = _gtr+br > °M T (4—p2)(r+br-1)
B —_@¢ _ F B _ (a—c)r _ F B _ —a+(l+b)er _ WB = (a=c)’r _ . F
M ™ _q4rypr - L2 dim = —1+r+br  1L? bim = —1+r+br  FL2 UM T _qipybr

Note that the government grants both output and R&D subsidies in Bertrand competition.

Appendix C. The Proofs

First, with output subsidies, by comparing R1 to R8, we obtain the ranges of » and » when comparing

2(2-b?)

4(a(4-b?%)-b?c)
(2+b)2(2-3b+b?)

equilibrium outcomes: r > (L+D)(4-b)e

if b<by; r> if b > by, where

16a  3(2a+3¢)% 2(22/3(26a%-10ac+35¢2)) 2(21/3M1/3) 3y3(2a+7¢)(4a?—4ac+5c?)
6a+9c+\/gc\/16 2 VEVE] . 3y V3cY

b]_:

12¢

20 These results are also provided in Zikos (2007) and Lee and Tomaru (2017) who examined Cournot competition
with a policy mix in a mixed oligopoly market where the firms have different objectives in producing

homogeneous products.
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22/3¢(26a2-10ac+35c2))

i3 F4(21/3cM1/3)

and M = (222a%c — 140a® —

\/8(a—c)c—24c(a—c)+3(2a+3c)2 Mt

c2

465ac? + 383c3 — 3v/3V812a%c? — 576a® — 800a>c — 7500a3c3 + 6451a2c* — 10470ac® + 2257c5)

Then we have the following proofs:

Proof of lemma 1.

If we set s¥ = 0 in (2) and (3), then we have the following equilibrium outcomes:
4(a—rc)

xi = (2—b)(2+b)2r—4 (34)
§-Gbe oy
RS as. o0
= (6(14_—6Z;r—((:)zzbj)lj):)f) (37)
e _ @= (@ +b)(4~ b2 —16) G8)

(4—(2—-b)(2+ b)?r)?

Then, it is easy to obtain the comparisons from Appendix B, i.e., ¥ > xF > x£, qf > qfF > qf,

and WF >WP >W¢ for b € (0,1).

Proof of lemma 2.

If we set s¥ =0 in (18) and (19), then we have the following equilibrium outcomes:

2(2-b*(a—-r0)

B

XU T p2(2—6r) + 8r + 4br — ber + bir — 4 (39)

(4—-b*(a-o)r

% = b2 —6r) + Br + 4br — b 5 bir —4 S
s (4+4b—Db*—=b>cr +a(b*(2—-5r) —4(1 —7r) +b*r)

Pr = b2(2 — 67) + 81 + 4br — b3r + b*r — 4 (41)
s (a—0c)*r(8+b*(2—9r) —16r + b®r — 8b*(1 — 3r))

= (4 — b2(2 — 61) — 8r — 4br + b31 — bir)? (42)

WB = (a—c)?r(16+b*(4—19r)—48r—16br+8b3r—b5r+2b°r—8b%(2—-7r)) (43)

(4—b?(2—61)—8r—4br+b3r—b*r)?

Then, it is easy to obtain the comparisons from Appendix B, i.e., x > xf? > xZ, qf > qP? > qP,

and WF > W5BP > W5 for b € (0,1).

Proof of proposition 1.
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SCP _ SBP — bz(—4+b2)(a—c)(2+(—4+b2)r)
16(—1+4+7)—8b2(—1+71)+16br—8b3r+b*r+bSr

Proof of proposition 2.

xiCP - xlBP - 16(—1+r)—8b22(b—21(fr_)l:-21)6(z;ib3r+b4r+b5r >0
Proof of proposition 3.

af” ~ q? =0, pf" = pf" =0

Proof of proposition 4.

nCP _ PP = b2(-4+b2)’ (a-c)2r(2+(-4+b)r) >0

(16(=1+7r)—8b2(—1+7)+16br—8b37r+b*r+b57)2

Proof of proposition 5.
WCP _ WBP =0
Second, with R&D subsidies, by comparing R9 to R16, we obtain the ranges of » and » when comparing

2(2-b?)
(2+b)2(2-3b+b?)

a(3-2b)

@-niasbye | bSbz, T>

equilibrium outcomes: r > if b> b, , where b, =

16(9a—8¢)  3(3a+20)2 | 3v3(13a3-174a2c+44ac?-8c3) 4((a—0)3)1/3(a41a2—540ac+280c2)  4z1/3

9a+6€+x/§(—a+c)V+\/5(a—c)\/ }

a—c (a—c)? ' (a—c)3v (a—c)2z1/3 ((a—0)3)1/3
—24(a—c)
16(9a-8c) , 3(3a+2c)? | 8((a—c)3)1/3(441a2-540ac+280c?) 8z1/3
= n Z =(9261a® —
4 \/ a—c (a—c)? (a—c)2z1/3 ((a—c)3)1/3 and (9261a

17226a%c + 13716ac? — 4672c® + 6v3,/—c(37044a° — 15111a*c + 14252a3c2 — 3900a%c® + 10688ac* + 1152¢%))

Then we have following proofs.

Proof of lemma 3.
From Egs. (34) to (38), then, it is easy to obtain the comparisons from Appendix B, i.e., x5 > xf® >

xf, qf > qfR > qf,and WF > W >WC for b € (0,1).

Proof of lemma 4.
From Egs. (39) to (43), then, it is easy to obtain the comparisons from Appendix B, i.e., x7 > x5 >

xB, qF > qPR > qP.and WF > WBR > WE for b € (0,1).

Proof of proposition 6.
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gCR _ GBR _ b2(a—c)r(-8+2b+b2(2-8r)+16r+b*r)
T (=2+b)(2+b)(=3+2b+47—3b2r+b37) (=3 +47+b2r+b(~1+47))

<0

Proof of proposition 7.
2 2
CR_ BR _ b%(—4+2b + b*)(a —o)r

X; i= <0
(=34 2b + 4r — 3b%r + b37r)(—3 + 4r + b?r + b(—1 + 47))

Proof of proposition 8.
b%(a—c)r(1 + (=4 + b>)r) <0
(=3 +2b + 4r — 3b2r + b3r)(=3 + 4r + b%r + b(—1 + 4r))
CR  _BR b2(1+b)(a—c)r(1+ (=4 + b))
bi —pbi =~
(=3 +2b +4r — 3b2r + b37r)(—3 + 4r + b%r + b(—1 + 4r))

CR BR _
9 — 4 =

Proof of proposition 9.

b%(a—c)?r(4b7 (—14+7)r2+b8r?(1+471)+2b3r(1+32r—2412)
{ +48(3—10r+87r2)—2b°r(—=3+7r+24r%)—-8b%(7—461+3612+3213) }
CR _ _BR _ \+4b3(5—4r—72r2+48r3)—4b(21-8r—9612+641%)+2b* (4—43r+4412+9673)) 30
o = 2(—4+b2)(—3+2b+47—3b21 4 b37)2(—34 47+ b2+ b(—14+47))2 <

Proof of proposition 10.
2 2 2,2
WER _ yBR — b(—4+ 2b + b*)(a —c)r <0
(=3 +2b + 4r — 3b2r + b37)(=3 + 4r + b%r + b(—1 + 4r))

Finally, we compare the output and R&D subsidies under Cournot or Bertrand competitions,

respectively. Then, by comparing R1 to R16, we obtain the following ranges:

@ The ranges of  and b under Cournot competition when comparing output and R&D subsidies:

4 . —3c+V32aZ+cZ 4(a(4-b*)-b%c) . —-3c+V32aZ+c?
r> (2-b)2(2+b) if b2 2(2a+c) r> (1+b)(4—b%)2c if b < 2(2a+c)

2 The ranges of » and b under Bertrand competition when comparing output and R&D subsidies:

2(2-b?) . . 8a(2-b?%) .
(2+b)2(2-3b+b?) it b2 bs; 7> (1+b)(4-b?)%c ift b < bs.

Then we have the following proofs:

Proof of proposition 11

Q) GCP _ GCR _ (a-c)(4b%(—6+b+b?)+64r—b3(—16+b(2+b(5+b)))r—3(-2+b)?(2+b)3r?) >0

(—2+4b)(—=3—b+(2+b)?r)(8(—2+b?)+(1+b)(—4+b?)?r)

BP BR _ (a—c)(b?(192-b%(142+b(3—b(40+b—4b?))))r—2b%(2+b)(3—2b)(2—b2)—641+(2-b) (1+b)(2+b)?(3-5b%+b*)r?) > . >
sPF =57 = 2o if b= b3 .
(2+b)(—=3+2b+(~2+b)2(1+b)7)(8(—2+b2)+(1+b)(—4+b?)?T) <

CR _ (a=0)(=4b*(3+b)—(2+b)?(=4+b(4=5b+b>))1)

. CcP _
(i1 i XU T (C3obt(24b)2r) (8(—24b2) + (1+b)(—4+ b2)21)

>0
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BP _ .BR _ (a=¢)(2b?(=3+2b)(=2+b*)+(=2+b)*(1+b)(2+b)(2+b(=3+2(=1+b)b))r) >
i = (=3+2b+(—2+b)2(1+b)r)(8(~2+b2)+(1+b)(—4+b?)?T) <

0 if b= bs.

(iii) cp _ CcR _ (a=)r(=16+8b*~3b*~b°+(=2+b)*(2+b)’r)
4 i = (S3Tbt(2tb)r)(8(~2+b2)+(1+b) (—4+b2)%r)

BP _ BR _ (=2+b)(a—c)r(8=4b—6b>+b>+2b*+(=4+b*)?(-1+b*)1) >0
qi i = 3120+ (—2+b)2(14 b)r)(8(—2+b2)+ (14 b)(—4+b)2r) :

Proof of propositions 12
It is difficult to find the range of b and #, therefore, we provide a numerical simulation in a table and

test the specific numbers as examples, which supports the possible outcomes, for easy understanding:

Table 1: W and m; between output and R&D subsidies with Bertrand firms

Let a=10 and c =7

b WBP vs. WBR; nBP s nbR
0.01 WEP > W mff > mfk

0.1 WEBP > WEBR; nfP > fR

0.2 WEBP > WEBR; nfP > fR

0.3 WBP > WBR, nBP > nBR

0.4 WBP > WBR, nBP > nBR

0.5 WBP > WBR, nBP > nBR

0.6 WBP > WBR, nBP > nBR

0.7 WBP > WBR, nBP > nBR

0.8 WBP > WBR, nBP > nBR

0.9 WEP SWER if r24.072; nfP > mf
0.99 WBP < WBR; nfP ZnfR if r=156.274
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